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Optical dephasing of coherent intersubband transitions in a quasi-two-dimensional electron gas
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We present a microscopic many-particle theory for the dephasing of coherent intersubband excitations in
semiconductor quantum wells including carrier-carrier and carrier-phonon scattering and light propagation
effects. The contributions of many-particle processes are nonadditive and thus cannot be treated separately. It
is shown that due to nondiagonal correlation contributions, scattering rates alone cannot be taken as a measure
for the dephasing of the intersubband polarization. Surprisingly, radiative damping is found to be important
even at moderate carrier densities. Calculated absorption spectra are in excellent agreement with experiments
on a high-quality sample.
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I. INTRODUCTION

The dynamics of optical excitations of semiconductors on
ultrafast time scales gives insight into the basic microscopic
interactions of carriers. In particular, optically induced coherence between two electronic bands and its subsequent decay,
i.e., optical dephasing, reflects the formation and relaxation
of many-particle correlations.1 In this context, the renormalization of the single-particle properties of Bloch electrons
and optical dephasing via electron-electron and electronphonon interaction has been attributed to the interaction of
the optically generated carriers in momentum space. It is a
widespread belief that every scattering event a particle undergoes will result in a loss of all phase coherences in which
the particle participates. As has been pointed out for interband transitions from the valence to the conduction band
关Fig. 1共a兲兴, this simplified picture completely neglects possible interference phenomena between various scattering
mechanisms, the nondiagonal correlations between particles
in the language of many-particle theory.2 Such interference
phenomena are also significant in quasi-two-dimensional
共2D兲 semiconductor nanostructures where quantum confinement leads to the formation of subbands within the valence
and conduction bands. We focus here on dipole-allowed intersubband 共IS兲 transitions3 between two subbands in the
conduction band.
Coherent optical IS polarizations are connected with a
quantum mechanical superposition of the envelope wave
functions of the subbands involved. When the subbands are
parallel 关Eq. 共7兲 and Fig. 1共b兲, solid curves兴, and in the limit
where the Coulomb and Fröhlich matrix elements approach
the two-dimensional case 关see Eq. 共10兲兴, the quantized electron motion perpendicular to the layers is completely decoupled from the free motion in the quantum well plane. In this
case, intrasubband electron-electron and electron-phonon interactions do not affect IS coherence. This can be seen by
considering a coherent polarization p k21 between subbands 1
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and 2 at some in-plane wave vector k. Such a coherent polarization means that the particle is in a superposition state
␣ 兩 1,k典 ⫹ ␤ 兩 2,k典 . Scattering processes that have identical matrix elements for the two subbands 关in the approximation of
Eq. 共10兲 this is the case for all intrasubband scattering processes兴 scatter this particle to a new coherent superposition
␣ 兩 1,k⬘ 典 ⫹ ␤ 兩 2,k⬘ 典 at another in-plane wave vector k⬘ . This
destroys the coherent polarization at k, but at the same time
generates a new coherent polarization with identical magnitude and phase at k⬘ . Since the two subbands are parallel, the
newly generated coherent polarization is at the same frequency as the destroyed polarization. Therefore the macroscopic polarization, which is obtained by summing over all
k, remains unchanged.
In real quantum wells, there are deviations from Eqs. 共7兲
and 共10兲, and thus both intrasubband and intersubband scattering mechanisms have a destructive influence on IS coherence. Intrasubband scattering influences IS coherence only
because of these deviations. Its influence is considerably
smaller than expected from the scattering rates. The deviations originate 共i兲 from the three-dimensional character of the
intersubband and intrasubband scattering matrix elements
and 共ii兲 from the difference in the curvature of the subbands
关Fig. 1共b兲, dashed curve兴, due to the conduction band

FIG. 1. 共a兲 Interband transitions: transitions between conduction
and valence band, 共b兲 IS transitions: transitions between two conduction subbands with equal 共solid curve兲 or with different 共dashed
curve兲 effective masses.

69 205307-1

©2004 The American Physical Society

PHYSICAL REVIEW B 69, 205307 共2004兲
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nonparabolicity.4 The latter effect is quite pronounced in
InAs/AlSb quantum wells,5 but as will be shown in the following should not be neglected in GaAs/AlGaAs quantum
wells either. In addition to dephasing, radiative coupling of
IS polarizations, e.g., in multiple quantum wells 共MQW’s兲,
leads to emission and exchange of transverse radiation fields,
i.e., a mechanism of radiative damping.
Recent theoretical work on IS excitations can be divided
into different groups: calculations of the IS absorption line
shape with regard to a simultaneous treatment of 共i兲 the different curvatures of the subbands and longitudinal Coulomb
interaction between electrons,6 –9 共ii兲 radiative coupling10,11
using a phenomenological susceptibility, and 共iii兲 dephasing
models considering only diagonal dephasing contributions.12
A comparison of experiment and theory for IS plasmon linewidths below the longitudinal-optical 共LO兲 phonon threshold
is given in Ref. 13. To the best of our knowledge, there exists
no complete theory which gives a consistent approach to the
many-body dephasing by combining the solution of Maxwell’s equations 共including the transverse radiation field and
the longitudinal Coulomb interaction兲 with a microscopic
material theory.
In this paper we present a microscopic theory for the interplay of the basic many-particle interactions. All parts are
combined consistently: we compute IS absorption line
shapes and linewidths by including the different curvatures
of the subbands, Coulomb interaction, radiative coupling,
and the major dephasing contributions 关electron-electron and
electron-phonon 共LO兲 scattering兴 self-consistently without
phenomenological parameters.14 We examine the validity of
the developed theory by a detailed comparison with absorption measurements of a high-quality sample and show that
only a consistent description of all processes can explain the
observed line shapes.
II. EXPERIMENTAL SETUP

Since radiative coupling depends on the actual geometry
of the sample, before presenting the theoretical framework
we describe first the experimental setup which we use for the
absorption measurements. Our sample is a multiple quantum
well sample consisting of 51 GaAs quantum wells, each with
width L⫽10 nm, and separated by Al0.35Ga0.65As barriers,
each with a thickness of D⫺L⫽20 nm 共Fig. 2兲. The center
of each barrier is n-type ␦ -doped with Si, resulting in an
electron concentration of n e ⫽5⫻1010 cm⫺2 in each quantum well.
The sample was processed into a prism 关cf. Fig. 1共c兲 in
Ref. 15兴 and mounted in the total-reflection geometry
共single-pass prism geometry兲 shown in Fig. 2. This achieves
a strong coupling between the p-polarized light and the intersubband transition dipoles. Midinfrared absorption spectra
were measured using a Biorad FTS 45-A Fourier transform
spectrometer. The samples were mounted inside a closedcycle cryostat equipped with broadband KRS-5 windows to
allow measurements at different sample temperatures. A
small aperture with razor blade edges ensures that light is
only transmitted through the sample facets. Furthermore, a
broadband wire-mesh polarizer allows to obtain polarization-

FIG. 2. Single-pass prism geometry: MQW system with respect
to total reflection at a medium-1/medium-2 interface in order to
enhance the absorption 共standing wave兲: Ein ⫽E in p̂⫹ e iq⫹ •r (Eout
⫽E out p̂⫺ e iq⫺ •r) denotes the ingoing 共outgoing兲 p-polarized field
共cf. Appendix A兲. In the experiment the spacing between the last
well and the prism base 共medium-1/medium-2 interface兲 is d
⫽1.26  m to center the wells at the antinode of the standing wave,
and the angle of incidence is  ⫽63°.

dependent spectra both for p polarization 共the electric field
has a component perpendicular to the quantum well layers兲
and for s polarization 共electric field parallel to the quantum
well layers兲. This serves to clearly identify intersubband
transitions, since they are dipole-allowed only for p polarization.
III. THEORETICAL FRAMEWORK

The absorption spectrum of the sample in the experimental setup described above 共see Fig. 2兲 is given by A(  )⫽1
⫺ 兩 Eout兩 2 / 兩 Ein兩 2 . The calculation of the absorption spectrum
is composed of two parts. The first part involves the determination of the source of the electromagnetic emission in
each quantum well, i.e., the dipole density P(n) 关the superscript 共n兲 labels the quantum well兴. The second part consists
of computing the field E(n) in each quantum well and the
outgoing field Eout . The equations for the dipole densities
and the fields are coupled and must be solved selfconsistently.
To determine the fields, a nonlocal Green’s-function
formalism10,16 is applied to a system of N electronically uncoupled quantum wells. The local field E(n) inside quantum
well n consists not only of the incident field Ein , but also of
the field emitted by the dipole densities in all wells.17 Expressions for these fields and the outgoing field Eout are
given in Appendix A. They show explicitly their dependence
on the dipole densities P(n) . The interaction of the emitted
fields with the dipole densities represents the influence of
radiative interaction on the absorption spectrum. The interaction of the dipole density in a given well with the field
emitted in the same well is the self-interaction.
To evaluate P(n) , the dipole density driven by the total
field E(n) (z,  ) in quantum well n, we define
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Equation 共1a兲 shows that P(n) is determined by the intersub†
a 1k 典 which we evaluate 共see Apband coherence p k(n)21⫽ 具 a 2k
pendix B兲 within a many-particle density matrix theory,2,18,19
†
in the rotating wave approximation. Here a 2k
(a 1k) denotes
the creation 共annihilation兲 operator of an electron in subband
(n)
(z) is the dipole matrix element,
2 共1兲. A is the area. 兰 dzd21
(n)
J
 z,z ⬘ (  ) is the nonlocal susceptibility tensor in dyadic form,
and  (n) (  ) is the general linear susceptibility in quantum
well n 共see Appendix C兲.  (n) (  ) is defined in terms of
p k(n)21 and can be evaluated once the intersubband coherences are determined.
To calculate the intersubband coherences we start by deriving the equation of motion 共see Appendix B兲 for p k(n)21 .
The starting point for this derivation is the Robertson
equation20 and the Hamiltonian of the system. In the Hamiltonian, we include terms for the energies of the noninteracting electrons and LO phonons, the carrier-field interaction,
the Coulomb interaction of the electronic system, and the
electron–LO-phonon interaction. A detailed description of
the Hamiltonian is given in Appendix B. Because of the Coulomb 关Eq. 共B1c兲兴 and electron-phonon 关Eq. 共B1d兲兴 interactions, the intersubband coherence is coupled to higher-order
operator terms yielding an infinite hierarchy of equations.
This hierarchy must be truncated at some stage in order to
obtain a closed set of equations.1,18 For simplicity we give
here only a schematic outline of the equation of motion for
p k(n)21 and refer the interested reader to Appendix B. 关Note
that from now on the index 共n兲 in p k(n)21 will be suppressed
for conciseness.兴
The equation of motion for the intersubband coherence is
written as
d
d
d 21 d 21
p k ⫽ p k 兩 0,cf ⫹ p k21兩 MF ⫹ p k21兩 corr .
dt
dt
dt
dt

共3兲

In addition to free-carrier and carrier-field contributions 共0,
cf兲, we include first- and second-order carrier-carrier and
carrier-phonon contributions. While the first-order 共meanfield, abbreviated MF in the following兲 contributions 共exchange self-energy, excitonic enhancement, and depolarization effect7,8,21兲 renormalize the free-carrier and carrier-field
contributions, the second-order 共correlation, abbreviated as
corr兲 contributions yield a dephasing of the macroscopic polarization. These correlation contributions are quite lengthy
and are given in Appendix B. They consist of diagonal terms
which depend on the intersubband coherence p k21 at momenta
k, and nondiagonal terms which depend on the intersubband
coherence at different momenta k⫹k⬙ , and thus couple different k states of the intersubband coherence:



d 21
p 兩 ⫽⫺ ⌶ d共 p k21兲 ⫹
dt k corr
ប
ប

21
⌶ nd共 p k⫹k⬙ 兲 .
兺
k

⬙

⌶ d共 p k21兲 ⫽⌫ dp k21⫽

共2兲

兺

i⫽1,2

i,in 21
共 ⌫ i,out
d ⫹⌫ d 兲 p k .

共5兲

Using the semiconductor Boltzmann collision rate
d i
i
i,in
f 兩 ⫽⫺ f ki ⌫ i,out
d ⫹ 共 1⫺ f k 兲 ⌫ d ,
dt k corr

共6兲

we can identify the inverse of the diagonal damping rate ⌫ d
in the polarization dynamics with the T 2 time known from
two-level atomic systems,1 i.e., (⌫ d) ⫺1 ⫽T 2 . The nondiagonal terms yield a momentum dependent nondiagonal damping. As will be shown in the following section, the nondiagonal correlation contributions play a significant role for the
homogeneous width of the IS absorption line since they compensate strongly for the diagonal counterparts, even more
strongly than for the interband case.2
IV. THEORETICAL RESULTS

For the numerical simulations we use a square-well potential model with a barrier height of V 0 ⫽350 meV and consider small signal absorption and quasiequilibrium conditions, i.e., we describe the electron distribution f k1
†
⫽ 具 a k1
a k1 典 by a Fermi-Dirac distribution for a given carrier
density and temperature and assume f k2 ⫽0. Furthermore, we
assume that the phonons can be treated as a bath for the
dynamical electronic system. Thus we describe the phonon
distribution n q by a thermal Bose function.
As we will show in the following, the line shapes and line
widths of IS absorption spectra are due to 共i兲 carrier-carrier
and carrier-phonon interactions 共strongly dependent on the
three-dimensional character of the Coulomb and Fröhlich
matrix elements兲, 共ii兲 different effective masses, and 共iii兲 radiative interaction with the transverse field. We examine the
influence of these contributions and their interplay by focusing on them separately. Note that the mean-field contributions are included in all calculations.
First, we assume the same effective mass for both subbands (m 1 ⫽m 2 ⫽0.0665m 0 ), i.e., the energy difference between states k in each subband

⑀ k2 ⫺ ⑀ k1 ⫽const,

共7兲

and consider only a single quantum well of the MQW sample
described above. By considering a single quantum well, we
exclude the impact of radiative interaction with the transverse field on the line shape of the absorption spectrum. We
thus investigate the influence of pure carrier-carrier and
carrier-phonon interactions. Considering the Coulomb and
Fröhlich formfactors 关cf. Eq. 共B2兲兴
F qabcd ⫽

冕

dz  a* 共 z 兲  c 共 z 兲

共4兲
ab
⫽
FQ

The diagonal terms can be decomposed into in- and outscattering rates:

1
2

⬜

冕

we see that in the limit
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FIG. 3. Im关  (  ) 兴 of a single quantum well with the same effective mass for both subbands for different temperatures—
calculated by approximating the Coulomb and Fröhlich matrix elements by Eq. 共10兲. The spectra are that of noninteracting singleparticle excitations 共solid curve, scaled in height兲. Neglecting the
nondiagonal contributions 共dashed curves兲 yields a strong overestimation of the linewidth.

e ⫺ 兩 q兩兩 z⫺z ⬘ 兩 ⬇1

and

e iQ⬜ z ⬇1,

共9兲

the intersubband formfactors vanish and the intrasubband
formfactors all have the same value:
F qabcd ⬇ ␦ a,c ␦ b,d ,

ab
FQ
⬇ ␦ a,b .
⬜

共10兲

If we approximate the matrix elements using Eq. 共10兲, we
neglect the three-dimensional character of the matrix elements. Taking the sum over all k contributions one can show
by renumbering the summation indices in Eqs. 共B3a兲–共B5兲
that in this case the total contribution of the Coulomb interaction among the carriers and the total contribution of the
electron-phonon interaction to the macroscopic polarization
vanish. Thus the linear susceptibility  (  ), extracted from
the IS coherence, is that of noninteracting single-particle excitations, Im关  (  ) 兴 ⬀ ␦ (  ⫺  0 ) 共see the solid curve in Fig.
3兲 and does not show a dependence on temperature. This
result can be compared to that of Kohn’s Theorem22 which
states that, for a parabolic potential or in the presence of a
magnetic field, the absorption is independent of the electronelectron interaction. Note that, in contrast to Kohn’s Theorem which is valid for all strengths of the parabolic potential
and for all carrier densities, the approximation for the formfactors used above is justified only for (⫺ 兩 q兩兩 z⫺z ⬘ 兩 )⬇0 and
(iQ⬜ z)⬇0, i.e., in the limit of thin wells and low densities.7
If we neglect the nondiagonal correlation contributions
21
⌶ nd(p k⫹k⬙ ) and consider only the diagonal terms ⌶ d(p k21),
i.e., if we approximate the correlation contributions by the
inverse of the T 2 time, the spectra show a strong
temperature-dependent broadening 共dashed curves in Fig. 3兲.
This demonstrates clearly the cancellation effects between
diagonal and nondiagonal terms. Disregarding the nondiagonal terms completely neglects possible interference effects
between various scattering events and yields a strong overestimation of the linewidth.
Next, we include the three-dimensional character of the
matrix elements by using Eq. 共8兲 instead of Eq. 共10兲 共Fig. 4兲.
In contrast to the ␦ -function behavior of the solid curve in
Fig. 3, we now observe spectra which are slightly asymmetric towards the short-wavelength side and have a finite linewidth. The linewidth is temperature dependent and originates
only from the three-dimensional character of the matrix ele-

FIG. 4. Calculated absorption A(  ) of a single quantum well
with cc-/cp-correlation contributions assuming equal masses showing the influence of pure electron-electron and electron-phonon interactions.

ments. The main contribution to the linewidth stems from the
lifetime of the electron in subband 2, which in turn is determined mostly by emission 共and absorption at higher temperatures兲 of LO phonons.
From now on, we additionally consider the different effective masses of the subbands due to the conduction band
nonparabolicity in the form of the in-plane effective-mass
scheme proposed by Ekenberg,4,23 i.e., we assume that the
subbands themselves have parabolic curvatures but different
effective masses (m 2 ⫽0.088m 0 and m 1 ⫽0.071m 0 ), which
is a good approximation for low densities where only states
with small in-plane momenta k are occupied. To obtain an
impression of the influence of the difference in the masses on
the spectra, we first include only the different masses as a
dephasing contribution 共Fig. 5兲: we neglect dephasing due to
carrier-carrier
and
carrier-phonon
scattering,
i.e.,
(d/dt)p k21兩 corr⫽0. The finite linewidth and the line shape is
thus due to 共i兲 the different masses of the two subbands 关inhomogeneous broadening, Fig. 1共b兲兴 and 共ii兲 its interaction
with the mean-field effects, (d/dt)p k21兩 MF , only. The spectra
are very asymmetric, they show a pronounced tail towards
the long-wavelength side. Note that due to the small carrier
density considered here, the depolarization 共identical to the
interaction with the longitudinal field兲 compensates the effects of the different effective masses6 only to a small extent.
Finally, we compute absorption spectra considering both
different effective masses and carrier-carrier and carrierphonon correlation contributions 共Fig. 6兲. Even for the small
carrier density considered here, radiative interaction affects
the linewidth of the spectra. To compare with experimental
results, we now consider the whole multiple quantum well
system in the geometry described above. Thus, the spectra
are the result of the simultaneous inclusion of 共i兲 carrier-

FIG. 5. Calculated A(  ) of a single quantum well with different
effective masses but without inclusion of cc-/cp-correlation contributions showing the dephasing due to the different subband masses
关Fig. 1共b兲兴.
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FIG. 7. Measured IS absorption A(  ) spectra on the MQW
sample as explained in the text.

FIG. 6. 共a兲 Simultaneous inclusion of cc-/cp-correlation contributions and different effective masses of the MQW sample. 共b兲
Comparison of the linewidth with regard to different dephasing contributions: linewidth of a single quantum well with 共a兲 only cc
correlations, 共b兲 only cp correlations, 共c兲 cc and cp correlations; 共d兲
linewidth of full theory, i.e., with radiative interaction.

carrier and carrier-phonon interactions 共including the threedimensional character of the matrix elements兲, 共ii兲 the different effective masses, and 共iii兲 radiative interaction with the
transverse field. The absorption lines are almost Lorentzianlike. With increasing temperature, the absorption peak shifts
(⬇3 meV between 100 and 300 K兲 to lower energies. As
stated before, the nondiagonal correlation contributions have
the effect of compensating the diagonal ones to a large extent. Neglecting the nondiagonal correlation contributions in
this case, the linewidth varies between 20 meV at 100 K and
50 meV at 300 K 共not shown兲. Comparing the broadening
due to the different dephasing contributions 关Fig. 6共b兲兴, we
see that carrier-carrier and carrier-phonon interactions are
nonadditive dephasing mechanisms, due to interference effects of the diagonal and nondiagonal correlation contributions. This observation is similar to that made for energyrelaxation processes in quantum-cascade lasers.24 Note that
the strength of these interference effects depends on both
carrier density and the difference in the effective masses.
Comparing the linewidth including cc and cp correlations of
a single quantum well only 共curve c) and all 51 wells 共curve
d), we find that even for the moderate density considered
here, radiative damping leads to an additional broadening of
⌬E rad⬇1 meV, which is about 12% 共at 300 K兲 to 25% 共at
100 K兲 of the final linewidth.

at low temperatures the linewidth is determined to approximately equal amounts by the lifetime in subband 2, by intrasubband scattering processes, and by the radiative coupling.
Due to the fact that the random-phase approximation
共RPA兲 used in the derivation of the equation of motion for
the intersubband coherence is valid in the low-density regime only for high temperatures,25 we expect the calculation
of the absorption to fail for low temperatures. An indication
of this can already be seen in Figs. 6共a兲 and 7, where the
agreement between experiment and theory is better at the
elevated temperatures 200 and 300 K, than at the lower temperature of 100 K.
VI. CONCLUSION

In conclusion, we have presented a microscopic manyparticle theory for the dephasing of coherent intersubband
excitations in semiconductor quantum wells including
carrier-carrier, carrier-phonon scattering, and light propagation effects. By including first the different dephasing mechanisms separately and then simultaneously, we investigated
their complex interplay. Furthermore, we analyzed the impact of nondiagonal correlation contributions on absorption
spectra. Excellent agreement with experimental results is obtained by the full theory. It is shown that no single process is
dominating, thus making it necessary to consider all contributions simultaneously.
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V. COMPARISON WITH EXPERIMENTAL RESULTS

APPENDIX A: LOCAL FIELD

In Fig. 7 we present intersubband absorption measurements on the MQW sample described in Sec. II at three
different temperatures. One can clearly see the nearly symmetric IS absorption line around 100 meV. With increasing
temperature one observes a shift towards lower energy, a
decrease of the amplitude, and an increase of the linewidth.
As can be seen in direct comparison with the theoretical
results 关Figs. 5 and 6共a兲兴, only the full calculation 关Fig. 6共a兲兴
yields satisfactory agreement with the experiment 共line
shape, linewidth, peak position, and height兲. For this sample,

In order to include radiative interaction in the calculation
of IS absorption spectra, we determine the local field
E(n) (z,  ) in the geometry considered 共Fig. 2兲 using a nonlocal Green’s-function formalism.10,16 Without the medium1/medium-2 interface each sheet of polarization at a given z
would produce—besides the local contribution—a leftward
and a rightward wave. Since in the geometry considered
here, the interface is located on the right side of the MQW
system 共Fig. 2兲, the interface does not affect the leftward
wave and we find the local field in quantum well n to consist
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of 共i兲 the incident field, 共ii兲 the reflection of the incident field
at the interface, 共iii兲 the local contribution, 共iv兲 rightwardwave contributions from all planes z ⬘ ⬍z, 共v兲 directly generated leftward waves from all planes z ⬘ ⬎z, and 共vi兲 leftwardwave contributions from the reflection of all rightward waves
at the interface. Contributions 共iii兲–共vi兲 are due to the polarizations in the quantum wells:

H 0⫽

H cf⫽

H cc⫽

p
p̂⫺ e ⫺iq⬜ z 兲
E(n) 共 z,  兲 ⫽E in共 p̂⫹ e iq⬜ z ⫹r 12
N

⫹

兺

m⫽1

冕

(m)

J
dz ⬘ G

0,R
(m)
共 z ⬘,  兲.
z,z ⬘ 共  兲 P

共A1兲

Here the incident wave is assumed to be a p-polarized plane
p
is the corresponding Fresnel coefficient.
wave and r 12
0,R
J
G
(

)
denotes
the retarded Green’s-function tensor in dyz,z ⬘
adic form with regard to total reflection at the medium-1/
medium-2 interface19
J
G

0,R
2
z,z ⬘ 共  兲 ⫽⫺  0 

再

␦ 共 z⫺z ⬘ 兲
 2 ⬁ 0

ẑẑ⫹

e iq⬜ 兩 z⫺z ⬘ 兩
关共 ⫺ŷŷ
2iq⬜

⫹

e

2iq⬜

冎

where p̂⫾ ⫽(⫿q⬜ x̂⫹q 兩兩 ẑ)/q and q⫾ ⫽q 兩兩 x̂⫾q⬜ ẑ are the relevant vectors. The wave-vector projections perpendicular
and parallel to the well layers are given by q⬜
⫽  冑 ⬁  0 cos  and q 兩兩 ⫽  冑 ⬁  0 sin .  ⬁ denotes the optical background permittivity,  0 the permeability of free
space, ⌰ the Heaviside unit step function, and ␦ the Dirac ␦
function. To obtain the absorption, A(  )⫽1⫺ 兩 Eout(  ) 兩 2 /
兩 Ein(  ) 兩 2 , we insert Eq. 共A2兲 and Eq. 共1b兲 in Eq. 共A1兲 and
let the observation point z be located in space (z⬍0) which
yields the outgoing 共leftward兲 field
E 共 z,  兲 ⫽e
out

⫺iq⬜ z

再

p
r 12
Einp̂⫺ ⫺

 0 2
2iq⬜

N

兺

m⫽1

冕冕

(m)

dz ⬘

p
⫻dz ⬙ 关 e iq⬜ z ⬘ 共 ⫺ŷŷ⫹p̂⫺ p̂⫺ 兲 ⫹e ⫺iq⬜ z ⬘ r 12
p̂⫹ p̂⫺ 兴
(m)
⫻J
 z ⬘ ,z ⬙ 共  兲 •E(m) 共 z ⬙ ,  兲

冎

.

†
dzdab 共 z 兲 •E共 z,t 兲 a ak
a bk ,

兺 兺

共B1b兲

†

†
V̂ qabcd a ak⫹q
a bk⬘ ⫺qa dk⬘ a ck , 共B1c兲

兺 兺 关 ĝ abQ a ak† b Qa bk⫺Q ⫹H.a. 兴 .
兩兩

a,b,k Q

V̂ qabcd ⫽V qabcd ␦ s q,0⫽
F qabcd ⫽

冕

dz  a* 共 z 兲  c 共 z 兲

ab
ĝ ab
Q ⫽g Q ␦ s Q,0⫽⫺i

ab
⫽
FQ
⬜

共B1d兲

冕

冕

冑

e 2 F qabcd
,
2 s A 兩 q兩

共B2兲

dz ⬘  b* 共 z ⬘ 兲  d 共 z ⬘ 兲 e ⫺ 兩 q兩兩 z⫺z ⬘ 兩 ,

冉

冊

ab
e 2 ប  LO 1
1 F Q⬜
⫺
,
2V
 ⬁  s 兩 Q兩

iQ⬜ z
dz  *
.
a 共 z 兲  b共 z 兲 e

Here, V⫽AL denotes the normalization volume,  i is the
envelope function in the confined direction,  s denotes the
static and  ⬁ the optical dielectric permittivity.
Using the Robertson equation20 to derive the equation of
motion for the intersubband coherence, the free-carrier and
carrier-field contributions, i.e., the contributions due to H 0
and H cf , are easily obtained as

共A3兲
⫹

APPENDIX B: IS COHERENCE

To determine the IS coherence p k21(  ), which yields the
dipole density P(n) (z,  ), the source of the electromagnetic
emission in quantum well n 关cf. Eq. 共1a兲兴, we need to consider the system Hamiltonian.
In our model, the total Hamiltonian in second quantization is given by H⫽H 0 ⫹H cf⫹H cc⫹H cp , where the Hamiltonian of the noninteracting Bloch electrons and phonons is
represented by H 0 , the field-carrier interaction by H cf , the
Coulomb interaction of the electronic system by H cc , and the
electron-phonon interaction by H cp :

冕

共B1a兲

In Eqs. 共B1a兲–共B1d兲 the indices a, b, c, and d are subband
indices, k, k⬘ , and q denote 2D electron wave vectors, and Q
is the 3D phonon wave vector. ⑀ ak denotes the energy of an
electron in subband a with wave vector k, ប  LO the LO
phonon energy, b †Q(b Q) the creation 共annihilation兲 operator
for a phonon with the 3D wave vector Q. The unscreened
Coulomb and Fröhlich coupling matrix elements are given
by

共A2兲

p
r 12
p̂⫹ p̂⫺ ,

兺

a,b,k

abcd k,k⬘ ,q

H cp⫽

⫹p̂⫹ p̂⫹ 兲 ⌰ 共 z⫺z ⬘ 兲 ⫹ 共 ⫺ŷŷ⫹p̂⫺ p̂⫺ 兲 ⌰ 共 z ⬘ ⫺z 兲兴
⫺iq⬜ (z⫹z ⬘ )

1
2

†
⑀ ka a ak
a ak⫹ 兺 ប  LOb †Qb Q ,
兺
a,k
Q

i
d 21
p k 兩 0,cf⫽ 共 ⑀ k2 ⫺ ⑀ k1 兲 p k21
dt
ប

共B3a兲

冕

共B3b兲

i
ប

dzE共 z,t 兲 •d21共 z 兲关 f k2 ⫺ f k1 兴 .

They consist of the transition energy, Eq. 共B3a兲, and the
†
electric-dipole interaction energy, Eq. 共B3b兲. f ki ⫽ 具 a ik
a ik典
denotes the electron distribution. The inclusion of the carriercarrier 关Eq. 共B1c兲兴 and carrier-phonon 关Eq. 共B1d兲兴 interactions yields an infinite hierarchy involving higher-order density matrices. Similar to Ref. 18, we use a correlation
expansion to truncate this hierarchy. We start with the
carrier-carrier interaction and factorize the two-particle density matrices into single-particle density matrices1,18 which
yields the first-order or mean-field contributions:
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d 21
i
p k 兩 MF⫽
dt
ប

⫺

i
ប

⫹

兺

2
p k21
共 V q2112⫺V q2222兲 f k⫺q

共B4a兲

⌫ 1,cp
d ⫽2

1
1
2
⫺ប  LO兲 兩 g 11
兺Q 关 ␦ 共 ⫺ ⑀ k1 ⫹ ⑀ k⫹Q
Q 兩 兵 n Q共 1⫺ f k⫹Q 兲
兩兩

兩兩

11 2
1
1
⫹ 共 n Q⫹1 兲 f k⫹Q
⫹ប  LO兲 兩 g Q
兩
其 ⫹ ␦ 共 ⫺ ⑀ k1 ⫹ ⑀ k⫹Q
兩兩
兩兩

q⫽0

i
ប

兺

q⫽0

1
p k21
共 V q2112⫺V q1111兲 f k⫺q

共B4b兲

1
1
⫻ 兵 共 n Q⫹1 兲共 1⫺ f k⫹Q
兲 ⫹n Q f k⫹Q
其
兩兩
兩兩
1
1
2
⫹ ␦ 共 ⫺ ⑀ k2 ⫹ ⑀ k⫹Q
⫺ប  LO兲 兩 g 12
Q 兩 兵 n Q共 1⫺ f k⫹Q兩兩 兲
兩兩

兺

q⫽0

21
V q1212p k⫺q
关 f k2 ⫺ f k1 兴

共B4c兲

12 2
1
1
⫹ 共 n Q⫹1 兲 f k⫹Q
⫹ប  LO兲 兩 g Q
兩
其 ⫹ ␦ 共 ⫺ ⑀ k2 ⫹ ⑀ k⫹Q
兩兩
兩兩
1
1
⫻ 兵 共 n Q⫹1 兲共 1⫺ f k⫹Q
兲 ⫹n Q f k⫹Q
其兴,
兩兩
兩兩

⫺2

i
ប

兺

q⫽0

V 2112
p q21关 f k2 ⫺ f k1 兴 .
0

共B4d兲
⌫ 1,cc
d ⫽2

This lowest order of the hierarchy contains the exchange
self-energy, Eqs. 共B4a兲 and 共B4b兲, the excitonic contribution,
Eq. 共B4c兲, and the depolarization effect, Eq. 共B4d兲, which
renormalize the free-carrier and carrier-field contributions.
These contributions and their interplay have been investigated quite thoroughly in Refs. 6 –9 and 26. We therefore
refer the reader to these papers. Note that, because in our
approach the response to the total 共longitudinal and transverse兲 classical field is calculated, the depolarization contribution 共identical with the longitudinal field兲 must not be included in the material equation of motion 关Eq. 共3兲兴,
otherwise this effect would be counted twice. Next we include the carrier-phonon interaction, where we assume that
we can treat the phonons as a bath for the dynamical electronic system. As has been shown in Ref. 19, the first-order
contributions of the carrier-phonon interaction, which are obtained by factorizing the phonon-assisted density matrices
without considering correlations between carriers and
phonons, vanish for the phonon bath considered here. The
next order in the hierarchy is obtained by including the derivations from the factorization of the two-particle density matrices and the phonon-assisted density matrices,
respectively.19 This yields the second-order or correlation
contributions
d 21


p 兩 ⫽⫺ ⌶ d共 p k21兲 ⫹
dt k corr
ប
ប

兺
k
⬙

21
⌶ nd共 p k⫹k⬙ 兲 ,

1
1
1
兲 V q1111共 2V q1111
关 ␦ 共 ⑀ k1 ⫹ ⑀ k⬘ ⫺ ⑀ k⬘ ⫺q⫺ ⑀ k⫹q
兺
k ,q

⬘

1

1111

1

1
⫺V k⬘ ⫺k⫺q兲 兵 f k⬘ 共 1⫺ f k⬘ ⫺q兲共 1⫺ f k⫹q
兲
1
2
⫹ f k⬘ ⫺q f k⫹q
兲
共 1⫺ f k⬘ 兲 其 ⫹ ␦ 共 ⑀ k1 ⫹ ⑀ k⬘ ⫺ ⑀ k⬘ ⫺q⫺ ⑀ k⫹q
1

1

2

1

1122

2

1

2
⫻V q1122共 2V q1122⫺V k⬘ ⫺k⫺q兲 兵 f k⬘ 共 1⫺ f k⬘ ⫺q兲共 1⫺ f k⫹q
兲
2
2
⫹ f k⬘ ⫺q f k⫹q
兲
共 1⫺ f k⬘ 兲 其 ⫹ ␦ 共 ⑀ k1 ⫹ ⑀ k⬘ ⫺ ⑀ k⬘ ⫺q⫺ ⑀ k⫹q
2

1

1

2

1212

1

2

2
⫻V q1221共 2V q1221⫺V k⬘ ⫺k⫺q兲 兵 f k⬘ 共 1⫺ f k⬘ ⫺q兲共 1⫺ f k⫹q
兲
2
1
⫹ f k⬘ ⫺q f k⫹q
兲
共 1⫺ f k⬘ 兲 其 ⫹ ␦ 共 ⑀ k1 ⫹ ⑀ k⬘ ⫺ ⑀ k⬘ ⫺q⫺ ⑀ k⫹q
1

2

2

2

1221

2

2

1
⫻V q1212共 2V q1212⫺V k⬘ ⫺k⫺q兲 兵 f k⬘ 共 1⫺ f k⬘ ⫺q兲共 1⫺ f k⫹q
兲
2

2

1
⫹ f k⬘ ⫺q f k⫹q
共 1⫺ f k⬘ 兲 其 兴 .

Here and in the next equation we give only the terms for
subband i⫽1, the terms for i⫽2 are obtained by exchanging
the subband indices 1 and 2.
The nondiagonal part of the correlation contribution consists of the following terms:

冋

21
i,cp 21
i,cc 21
⌶ nd共 p k⫹k⬙ 兲 ⫽ 兺 兺 ⌫ nd
p k⫹Q ⫹ 兺 ⌫ nd1
p k⬘ ⫺q
兺
i⫽1,2
Q
k
k ,q

⬙

⫹

共B5兲

兩兩

⬘

i,cc 21
i,cc 21
p k⫹q⫺ 兺 ⌫ nd3
p k⬘
兺q ⌫ nd2
k

⬘

册

共B7兲

with the abbreviations
which can be decomposed into diagonal terms dependent on
the IS coherence p k21 and nondiagonal terms, which couple IS
coherences at different wave vectors. In the following we use
the Markovian and second-order Born approximation and
keep only terms that are linear in the IS coherence. With
these approximations the diagonal part of the correlation
contribution is given as the sum of the effects of carrierphonon scattering and of carrier-carrier scattering

1,cp
1
11
22
*g Q
⫽ ␦ 共 ⫺ ⑀ k1 ⫹ ⑀ k⫹Q
⫺ប  LO兲 g Q
⌫ nd
兵 共 n Q兩兩 ⫹1 兲共 1⫺ f k1 兲
兩兩

兩兩

⫻ 兵 n Q兩兩共 1⫺ f k1 兲 ⫹ 共 n Q兩兩 ⫹1 兲 f k1 其 ,
1,cc
2
⌫ nd1
⫽ ␦ 共 ⑀ k1 ⫹ ⑀ k⬘ ⫺ ⑀ k⬘ ⫺q⫺ ⑀ k⫹q
兲 V q2222共 2V q1221⫺V k⬘ ⫺k⫺q兲
1

2

1212

2

1
⌶ d共 p k21兲 ⫽⌫ dp k21⫽
2

兺

i⫽1,2

i,cc 21
共 ⌫ i,cp
d ⫹⌫ d 兲 p k ,

兩兩

1
11
22
*g Q
⫹n Q兩兩 f k1 其 ⫹ ␦ 共 ⫺ ⑀ k1 ⫹ ⑀ k⫹Q
⫹ប  LO兲 g Q
兩兩
兩兩
兩兩

共B6兲

2

2
2
⫻ 兵 f k⫹q
兲其
共 1⫺ f k1 兲共 1⫺ f k⬘ 兲 ⫹ f k1 f k⬘ 共 1⫺ f k⫹q
1
⫹ ␦ 共 ⑀ k1 ⫹ ⑀ k⬘ ⫺ ⑀ k⬘ ⫺q⫺ ⑀ k⫹q
兲 V q1221共 2V q1111⫺V k⬘ ⫺k⫺q兲
1

1

1111

1

1

1
1
⫻ 兵 f k⫹q
兲其,
共 1⫺ f k1 兲共 1⫺ f k⬘ 兲 ⫹ f k1 f k⬘ 共 1⫺ f k⫹q

with
205307-7

PHYSICAL REVIEW B 69, 205307 共2004兲
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1,cc
⌫ nd2
⫽

兺
k

1
兲
关 ␦ 共 ⑀ k1 ⫹ ⑀ k⬘ ⫺ ⑀ k⬘ ⫺q⫺ ⑀ k⫹q
2

⬘

2

1221

2

2

⫻V q2222共 2V q1212⫺V k⬘ ⫺k⫺q兲 兵 f k⬘ ⫺q共 1⫺ f k1 兲共 1⫺ f k⬘ 兲
1
⫹ f k1 f k⬘ 共 1⫺ f k⬘ ⫺q兲 其 ⫹ ␦ 共 ⑀ k1 ⫹ ⑀ k⬘ ⫺ ⑀ k⬘ ⫺q⫺ ⑀ k⫹q
兲
2

2

1

1

1111

1

1

⫻V q2121共 2V q1111⫺V k⬘ ⫺k⫺q兲 兵 f k⬘ ⫺q共 1⫺ f k1 兲共 1⫺ f k⬘ 兲
1

factor F qabcd tends to zero as 兩 q兩 →0, and cancels with the
divergence in the unscreened Coulomb interaction in this
limit. Because of this cancellation, these interactions are
short range even in the absence of any screening. If they are
screened similar to V qi ji j this tends to overestimate the
screening, resulting in a large underestimation of intersubband scattering rates.28 Instead these matrix elements are replaced by27

1

⫹ f k1 f k⬘ 共 1⫺ f k⬘ ⫺q兲 其 兴 ,
1,cc
⌫ nd3
⫽

兺q

V q1221

1221

2

1
⫻V q1221共 2V q1212⫺V k⬘ ⫺k⫺q兲 兵 f k1 共 1⫺ f k⬘ ⫺q兲共 1⫺ f k⫹q
兲

1
2
with ⌸ 12⫽(A/⌬E 12)(N 1 ⫺N 2 ) where ⌬E 12⫽ ⑀ k⫽0
⫺ ⑀ k⫽0
is
the energy separation between subbands 1 and 2, and N i is
the carrier density in subband i.

1
2
⫹ f k⬘ ⫺q f k⫹q
兲
共 1⫺ f k1 兲 其 ⫹ ␦ 共 ⑀ k1 ⫹ ⑀ k⬘ ⫺ ⑀ k⬘ ⫺q⫺ ⑀ k⫹q
2

1

2

APPENDIX C: DIPOLE DENSITY

1
1212
2
⫻V q1212共 2V q1221⫺V k⬘ ⫺k⫺q兲 兵 f k1 共 1⫺ f k⬘ ⫺q兲共 1⫺ f k⫹q
兲
1

2
⫹ f k⬘ ⫺q f k⫹q
共 1⫺ f k1 兲 其 兴 .

Note that in contrast to Eqs. 共1a兲 and 共B1兲, where the sum
over the spin indices is absorbed in the sum over the wave
vectors, in Eqs. 共B4兲 and 共B5兲 the summations over the spin
indices have already been performed and thus only the wave
vector k includes a spin index.
We include the effect of screening on the electron-electron
Coulomb interaction in the following manner. For interactions which involve only intrasubband transitions, i.e., interactions represented by V q1111 , V q2222 , and V q1212⫽V q2121 , we
replace the unscreened Coulomb interaction V qiiii and V qi ji j
with
V qiiii ⫹Vq2 ⌸ j j
D

and

共B10兲

1⫺V q1221共 ⌸ 12⫹⌸ 21兲

2
2
1
兲
关 ␦ 共 ⑀ k1 ⫹ ⑀ k⬘ ⫺ ⑀ k⬘ ⫺q⫺ ⑀ k⫹q

V qi ji j
D

,

The dipole density P(n) (z ⬘ ,  ) is determined by the sum
of the IS coherences at all momenta p (n)21(  )
⫽ 兺 kp k(n)21(  ). In the case of linear absorption, the Fourier
transformation of 兺 k(d/dt)p k21 关see Eqs. 共3兲 and 共B3兲 –共B5兲兴
yields an equation linear in 兰 dzdab (z)•E(z,  )
p (n)21共  兲 ⫽  (n) 共  兲

 (n) 共  兲 ⫽

共B8兲

共B9兲

D⫽1⫺V q1111⌸ 11⫺V q2222⌸ 22⫺Vq2 ⌸ 11⌸ 22.
In
the
static,
long-wavelength
limit27
⌸ ii ⫽
i
2
⫺(Am i /  ប ) f k⫽0 . For interactions which involve intersubband transitions, i.e., V q1221⫽V q2112⫽V q1122⫽V q2211 , the form-
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