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The planar Hall effect 共PHE兲 in ferromagnets is believed to result from the anisotropic magnetoresistance
共AMR兲 and hence does not change the sign by reversing the direction of the applied in-plane magnetic field.
Our studies of the ferromagnetic Heusler alloy Fe3Si films grown on low-symmetric GaAs共113兲A substrates
however show a change in the sign of the PHE by reversing the direction of the applied field, indicating the
existence of an additional antisymmetric component superimposed with the usual symmetric AMR term. This
antisymmetric component shows a maximum along the major in-plane 具332̄典 axes and vanishes along the other
major in-plane 具1̄10典 axes. A phenomenological model based on the symmetry of the crystal provides a good
explanation of the observed antisymmetric contribution to the PHE. The model shows that this component
arises from the antisymmetric part of the magnetoresistivity tensor and is basically a second order Hall effect.
It is shown that the observed effect can be ascribed to the Umkehr effect, which refers to the coexistence of
even and odd terms in the component of magnetoresistivity tensor. A sign reversal of this antisymmetric
component is also found for a Si content above 21 at. % and at temperatures below a certain critical temperature which increases with increasing Si content.
DOI: 10.1103/PhysRevB.72.104430
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I. INTRODUCTION

Ferromagnet-semiconductor hybrid structures 共FM/SC兲
have received significant attention for their possible application in spintronics.1–3 Most of the previous studies of FM/SC
were concentrated on low-index film orientation. Much less
work has been devoted to study ferromagnetic films on highindex semiconductor substrates. In fact, obtaining a stable
high-index surface of a ferromagnet in general is rather difficult. For instance, Fe films deposited on Cu共113兲 did not
maintain the same orientational relationship with the substrate, which led to a highly strained and distorted bcc Fe
arrangement with 共112兲 orientation.4 On the other hand, the
thermal stability and ordering of such surfaces with reduced
symmetry and coordination number offer the opportunities to
manipulate the magnetic properties in FM/SC.5 In a previous
work,6 we have reported on the successful growth of the
Heusler alloy Fe3Si on GaAs共113兲A substrates. Fe3Si has the
cubic D03 crystal structure with a lattice constant very close
to GaAs. This fact allows us to stabilize the 关113兴 orientation
of the Fe3Si films on GaAs共113兲A with structural properties
comparable to those of Fe3Si films on GaAs共001兲.7 In this
paper we will show that the magnetotransport properties, especially the planar Hall effect of these films are significantly
affected by the reduced symmetry of the 关113兴 orientation.
The so-called planar Hall effect 共PHE兲 refers to the transverse voltage developed perpendicular to the current for a
magnetic field applied in the film plane. It is believed to
originate from a purely anisotropic magnetoresistance
共AMR兲 effect8 and depends on the angle between the magnetization and the direction of the sensing current. Suppose
that a saturating external magnetic field, applied in the plane
of the film, varies so that the angle M of the magnetization
M varies, then the resistivities xx and xy measured parallel
and perpendicular to the current J for a single domain and
polycrystalline film are given by9,10
1098-0121/2005/72共10兲/104430共9兲/$23.00

xx = ⬜ + 共储 − ⬜兲cos2M ,

共1兲

1
xy = 共储 − ⬜兲sin 2M ,
2

共2兲

where ⬜ and 储 are the resitivities at J ⬜ M, and J 储 M, respectively. Equations 共1兲 and 共2兲 are conventionally used to
describe the AMR and PHE, respectively. According to Eq.
共2兲 we have xy共H ⬎ + Hsat兲 = xy共H ⬍ −Hsat兲, where H is the
applied magnetic field and Hsat denotes the in-plane saturation field. This is understood from the fact that both AMR
and PHE are believed to arise from the symmetric part of the
magnetoresistivity tensor, which does not change sign when
the direction of the magnetic field is reversed.9 In this paper
we will show that for single crystalline Fe3Si films grown on
low-symmetric GaAs共113兲A substrates, Eq. 共2兲 for the PHE
is not strictly followed. In contrast, the PHE shows a combination of even 共symmetric兲 and odd 共antisymmetric兲 terms
when a saturating magnetic field is applied in any direction
other than the symmetric 具1̄10典 axes, indicating an observation of Umkehr effect.11 The situation is similar to our previous experiments of Fe on GaAs共113兲A substrates,12,13
where we had reported an experimental observation of the
effect. In this paper, we will develop a phenomenological
model by taking into account the symmetry of the crystal to
explain this effect. We will show how the observed antisymmetric component arises from a second order term of the
antisymmetric part of the magnetorestivity tensor, as a result
of the lower symmetry of the 关113兴 orientation. The dependence of this antisymmetric component on the Si content of
the Fe3Si films and the measurement temperature will also be
discussed. Possible reasons for the change in sign of this
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FIG. 1. 共a兲 Optical microscopy image of the Hall bar structure employed for the magnetotransport studies. The contacts are labeled and
the crystallographic directions of the 共113兲 plane are shown. 共b兲 Planar Hall effect response from Fe3+xSi1−x films grown on GaAs共113兲A at
300 K for a sample with x = 0.07 and magnetic field applied along 关332̄兴. 共c兲 Separation of the symmetric and antisymmetric contribution of
PHE.
III. RESULTS AND DISCUSSION

antisymmetric component with composition and temperature
will also be discussed.

A. Experimental results
1. Antisymmetric component in PHE

II. EXPERIMENT

Fe3+xSi1−x films with thicknesses in the range of 35–50
nm were grown on well-ordered As-rich GaAs共113兲A templates by molecular-beam epitaxy. Here x describes the deviation from the exact stoichiometry. The details of the
growth can be found elsewhere.6 It is important to note that
the 关113兴 orientation of Fe3+xSi1−x has been stabilized on
GaAs共113兲A, which is in fact a result of the rather small
lattice mismatch between Fe3Si and GaAs. The Si content
was carefully varied in the range of 15–26.6 at. % Si, i.e.,
0.4⬎ x ⬎ −0.06 which lies within the phase boundary of the
stable Fe3Si phase covering a range from 9 to 26.6
at. %Si.14,15
For the magnetotransport measurements Hall bar structures as shown in Fig. 1共a兲 were prepared by standard lithography techniques. The Hall bars were aligned along the 关332̄兴
direction by a combination of photolithography and ionbeam sputtering. A perfect alignment of the Hall bar structures ensures a homogenous current flow. Both AMR 共xx兲
and PHE 共xy兲 were measured simultaneously with a current
of 3 mA along the Hall bar. A programmable stepper motor
was used for the rotation of the sample in the magnetic field.
Two different kinds of measurements were performed. First,
we studied the angular dependence of the PHE response
when a fixed in-plane magnetic field was applied. Second,
the in-plane field orientation was kept fixed along a specific
direction with respect to the longitudinal axis of the Hall
bars, while the field magnitude was swept linearly between
±3 kOe. As the low transverse Hall resistivity, xy is smaller
than the longitudinal resistivity, xx, some crossover from xx
to xy may appear. In this case, we have corrected xy by
corr
xy 共H , H兲 = xy 共H , H兲 − ␥ xx共H , H兲, where the factor ␥
was kept constant for a particular contact configuration.

In Fig. 1, we show the room temperature 共300 K兲 PHE
response from a nearly stoichiometric Fe3+xSi1−x sample with
x = 0.07. An optical microscopy image of the Hall bar structure employed is shown in Fig. 1共a兲 with the contacts labeled
as A, B,….,H in a counterclockwise sense. The PHE response is depicted in Fig. 1共b兲 for two cases with the current
along AE and BH, which correspond to the 关332̄兴 and 关1̄10兴
directions, respectively. The magnetic field was kept fixed
along the 关332̄兴 direction. The planar Hall voltage was measured along the contacts BH and AE for the current along AE
and BH, respectively. We denote the two cases IAEUBH and
IBHUAE by xy and yx, respectively. Here, the positive x axis
is taken along the 关332̄兴 direction. As can be seen, the PHE is
completely saturated at a rather low field of less than 0.2 kOe
共Ref. 16兲 but the PHE shows a sign change with reversal of
the magnetic field direction, irrespective of the current direction. This was never observed in Fe and Fe3+xSi1−x films
grown on GaAs共001兲 substrates13,17 and is completely unexpected from Eq. 共2兲, which predicts only a symmetric
contribution.8,9 Also xy and yx have opposite signs just like
the conventional Hall effect. This implies the presence of an
antisymmetric component in PHE for the Fe3+xSi1−x films on
GaAs共113兲A. In fact, the symmetric and the antisymmetric
contribution can be separated by adding and subtracting the
signals xy and yx, which is shown in Fig. 1共c兲. We clearly
have an additional antisymmetric contribution to the PHE
superimposed to the usual symmetric contribution of Eq. 共2兲.
Since the sample is completely saturated, we can rule out any
contribution of domains to this effect. We define the difference, xy共H ⬎ + Hsat兲 − xy共H ⬍ −Hsat兲 as a saturated antisymmetric transverse resistivity SATM, which is a measure of the
antisymmetric component. When the sample is rotated
slightly out-of-plane, the contribution from the anomalous
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FIG. 2. 共Color online兲 共a兲 Planar Hall effect response from the Fe3+xSi1−x 共x = 0.07兲 film grown on GaAs共113兲A with magnetic field
applied in-plane along 关1̄10兴 at 300 K showing the vanishing antisymmetric component. 共b兲 Angular dependence of xy at 300 K with a
saturating in-plane magnetic field so that H = M. Open circles represent experimental data and solid line 共in red color兲 is a fit using Eq. 共3兲
共see text兲. 共b兲 Separation of the symmetric and antisymmetric part of the PHE. Open circles represent experimental data and solid lines 共in
0
1
red color兲 are fitted curves using a sin 2M behavior for symmetric part and SATM
cos M + SATM
cos3M type behavior for antisymmetric
part. The major in-plane crystallographic directions for the 共113兲 plane are also shown with 0° along 关332̄兴.

Hall effect 共AHE兲 starts to appear as a slope in the high field
region which is similar to that observed in Fe films on
GaAs共113兲A substrates.12 But SATM does not vanish when a
magnetic field is applied slightly out-of-plane in different
directions. Since we are dealing with an antisymmetric contribution, the direction of the applied field relative to the
current and the orientation of transverse resistivity determine
the sign of SATM. To define the sign of SATM, from now on
we will stick to the convention that the current is applied
along AE and the PHE is measured along BH. For this configuration we found a positive sign of SATM 共in the sample
with x = 0.07兲 at 300 K with a magnetic field applied along
the 关332̄兴 direction. Of course the sign of xy changes when
the direction of the field is reversed by 180°, i.e., toward
关3̄3̄2兴. But, fortunately these two directions can be identified
unambiguously from x-ray diffraction 共XRD兲 by measuring
an asymmetric reflection such as 共004兲. We can thus keep the
field direction fixed along 关332̄兴 which has been confirmed
for all samples by XRD. The positive direction of the magnetic field was defined in such a way that the Hall voltage in
this configuration is negative for a n-type semiconductor
sample.
When the magnetic field is aligned along the 具1̄10典 axes,
the antisymmetric component vanishes 共SATM = 0兲 as shown
in Fig. 2共a兲. Since this is a common in-plane axis with the
共001兲 plane, SATM must be related to the symmetry of the
关113兴 orientation. The dependence of xy on the field orientation angle H 共defined with respect to the 关332̄兴 direction兲
can be more clearly seen in Fig. 2共b兲, which shows the angular dependence of PHE measured at 300 K with a fixed
positive saturating magnetic field 共H = + 1 kOe兲. The field
orientation angle H is varied from −220° to +220° in the
plane of the sample. The high field ensures a complete saturation of the sample so that H = M. The angular dependence
is completely reversible and does not follow the sin 2H de-

pendence of Eq. 共2兲. A separation of the symmetric and antisymmetric component can be achieved by taking the sum
and difference of the angular dependence of the PHE for
positive and negative fields above saturation. The result is
shown in Fig. 2共c兲. The symmetric part follows the wellknown sin 2H dependence of Eq. 共2兲. The antisymmetric
part, on the other hand, can be fitted by an equation of the
0
1
cos H + SATM
cos3H, shown by the solid line,
form SATM
0
1
where SATM and SATM are arbitrary constants to be interpreted. Using this functional form, the PHE response from
Fe3+xSi1−x共113兲 films can be modified to
0
1
xy = sPHEsin 2H + SATM
cos H + SATM
cos3H ,

共3兲

sPHE

to take into acwhere we have introduced a constant
count the experimental observation that 共储 − ⬜兲 derived
from the PHE response 关by using Eq. 共2兲兴 is smaller than that
derived from the xx response. In this particular sample, both
quantities differ by one order of magnitude 共see Fig. 5兲. Here
H = 0° is defined with respect to the current direction, which
is along the 关332̄兴 direction. Using this modified equation for
the PHE, we fit the angular dependence of Figs. 2共b兲 and 2共c兲
which are shown as solid lines. The best fitting is obtained
0
1
= 16 n⍀ cm, and SATM
for sPHE = 16.5 n⍀ cm, SATM
= −10 n⍀ cm.
2. Composition and temperature dependence
of the antisymmetric component in PHE

In Fig. 3 we show the field and angular dependence of xy
for the same Fe3+xSi1−x共113兲 film 共x = 0.07兲 at 77 K. Figure
3共a兲 shows the field dependence of xy with magnetic field
applied parallel to 关332̄兴. As can be seen, the sign of the
antisymmetric component is reversed, i.e, SATM is negative
in contrast to the positive value of SATM at 300 K 关see Fig.
1共a兲 for the configuration IAEUBH兴. Figures 3共b兲 and 3共c兲
show the corresponding dependencies of xy on the field ori-
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FIG. 3. 共Color online兲 共a兲 Planar Hall effect response from Fe3+xSi1−x共113兲 共x = 0.07兲 film at 77 K with magnetic field applied in-plane
along 关332̄兴. 共b兲 Corresponding angular dependence of xy at 77 K with a saturating in-plane magnetic field so that H = M. 共c兲 Separation
of the symmetric and antisymmetric part of the PHE. Open circles represent experimental data and solid lines 共in red color兲 are fitted curves
as explained in Fig. 2.

entation angle H at a saturating field 共H = M兲. The open
circles represent experimental data and the solid lines are the
fitted curves using Eq. 共3兲 similar to Figs. 3共b兲 and 3共c兲. The
0
best fitting is obtained for sPHE = 17.8 n⍀ cm, SATM
1
= −4.4 n⍀ cm, and SATM = −2 n⍀ cm. The change in sign of
SATM is clearly seen. To study the temperature and composition dependence of the antisymmetric component in more
detail, we have measured the difference: SATM = xy共H ⬎
+ Hsat兲 − xy共H ⬍ −Hsat兲 for a series of samples with x varying
from +0.39 to −0.04 and temperatures varying from 300 to 4
K. The saturating magnetic field was applied along 关332̄兴, so
0
1
that SATM = 2共SATM
+ SATM
兲 关see Eq. 共3兲兴. The results are
summarized in Fig. 4共a兲, which shows several important results. First, SATM decreases with decreasing x and temperature 共except the sample with x = −0.04兲. Second, SATM
changes sign below a certain critical temperature which increases with decreasing x 共increase of Si content兲. Interestingly, the sign of SATM for samples very close to stoichiometry 共x ⬃ 0兲 is negative at RT, which is the same as in Fe
films grown on GaAs共113兲A substrates.13 However, for Fe
films on GaAs共113兲A no change in sign of SATM has been
observed in the measurement temperature range of 4 to
300 K.

共储 − ⬜兲 is observed even at 77 K 关see Fig. 5共c兲兴. This implies that the change in sign of SATM is uncorrelated to any
AMR based mechanism such as the different electron mean
free path as suggested by Granberg et al.18 in AMR studies
of Fe films. The negative value of 共储 − ⬜兲, which is just
opposite to that of the Fe, indicates a different spindependent scattering mechanism.9
From our superconducting quantum interference device
共SQUID兲 magnetometry studies, the magnetic anisotropy of
these 关113兴 oriented samples are well known to exhibit a
dominant in-plane fourfold magnetic anisotropy, with the
easy axes along the in-plane 具3̄01典 axes.6 The saturation
magnetization M s of these Fe3Si films as measured by

3. Anisotropic magnetoresistance

Before concluding this section of experimental results, we
will show that the AMR response from these Fe3+xSi1−x共113兲
samples can be well-described by Eq. 共1兲. The results of
AMR 共xx兲 measurements are summarized in Fig. 5 for the
sample with x = 0.07. Clearly, xx is a symmetric function of
the applied field direction 关see Fig. 5共a兲兴 and the angular
dependence of xx for a saturating field shows a perfect
cos2M dependence 关see Figs. 5共b兲 and 5共c兲兴. Surprisingly,
the xx amplitude, 共储 − ⬜兲, which is the difference of xx for
0° and 90°, is negative but is similar to our previous findings
on Fe3+xSi1−x films on GaAs共001兲.17 For this sample with x
= 0.07, a clear change in sign of SATM was observed at about
150 K 关see Fig. 4共a兲兴, however, no change in sign of

FIG. 4. 共a兲 Temperature and composition dependence of the
SATM = xy共H ⬎ + Hsat兲 − xy共H ⬍ −Hsat兲 measured with a saturating
field applied near to the 关332̄兴 direction. 共b兲 Temperature dependence of AHE for two typical samples with x = 0.07 and 0.15.
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FIG. 5. 共Color online兲 共a兲 Field dependence of the AMR 共xx兲 from the Fe3+xSi1−x共113兲 film with x = 0.07 at 300 K for different in-plane
orientations. The open circles represent the easy axis of magnetization, for which the AMR signal does not change. Angular dependence of
xx at a fixed saturating field of H = 1 kOe obtained at 共b兲 300 K and 共c兲 77 K. For comparison, the amplitude of AMR is kept fixed for the
three figures.

SQUID magnetometry is between 500 and 1450 emu/ cm3 at
300 K, where M s decreases with increasing Si content.6 This
corresponds to a demagnetization field 共=4 M s兲 of about
6.2–18.2 kOe which is much larger than the measured low
in-plane saturation field 共⯝2K1 / M s兲 of ⬍200 Oe. The large
demagnetization energy does not allow the moment to rotate
out-of-plane. Hence, in all the samples reported here, the
magnetization lies in-plane. In fact, the in-plane four-fold
magnetic anisotropy is a consequence of the magnetocrystalline anisotropy similar to that of Fe films on GaAs共113兲A
substrates.19 Because of the high Curie temperature of these
samples, the temperature dependence of the magnetic properties is weak and did not show any significant differences.
The magnetic anisotropy is also obvious from the field dependent behavior of xx in Fig. 5共a兲. However, a detailed
discussion of the magnetic anisotropy is not relevant in the
present discussion, since our main focus here is about a true
saturating property.

ij共␣兲 = aij + akij␣k + aklij␣k␣l + aklmij␣k␣l␣m + ¯ , 共5兲
where the Einstein summation convention is understood. The
tensors with elements aij , akij , aklij¯, simplify due to the
crystal symmetry.20 The tensor ij共␣兲 being of second rank
can be divided into its symmetrical and antisymmetrical
parts,
1
sij共␣兲 = 关ij共␣兲 + ji共␣兲兴
2

共6兲

1
aij共␣兲 = 关ij共␣兲 − ji共␣兲兴.
2

共7兲

and

Onsager’s theorem20 applied to a magnetically saturated
crystal gives

ij共␣兲 = ji共− ␣兲,
B. Phenomenological model

In this section we will present a phenomenological
model,9,20 based on the symmetry of the crystal to understand the origin of the antisymmetric component in the PHE
of single crystalline Fe3+xSi1−x films grown on lowsymmetric GaAs共113兲A substrates. When a saturating field H
with components Hi = H␣i, is applied to a crystal, the relationship between the electric field E and current density J is
defined through the relation
Ei = ij共␣兲Jj ,

共4兲

where, ij共␣兲 is the second rank magnetoresistivity tensor
and Ei and Jj are components of the electric field E and
current density J, respectively. The tensor ij共␣兲 depends on
the direction cosines, ␣i, of the magnetization vector and
hence can be expressed as a series expansion in ascending
powers of the ␣i9,20

共8兲

so that that sij is an even function of the ␣i and aij is an odd
function of the ␣i.
For both contributions, we have the power series

sij共␣兲 = aij + aklij␣k␣l + ¯

共9兲

aij共␣兲 = akij␣k + aklmij␣k␣l␣m + ¯ .

共10兲

and

Traditionally, if one considers the leading terms 共up to
second order in ␣i兲 in above equations and neglect the higher
order terms, the associated electric fields Es and Ea represent
the generalized magnetoresistance and Hall effects,
respectively.9,20,21 With this consideration, PHE for which
the magnetic field is applied in-plane, should arise from sij
and should also be an even function of the applied field
direction. However, in our PHE experiments on the
Fe3Si共113兲 films 关also on Fe共113兲 films兴, we see an addi-
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tional component, which is an odd function of the magnetic
field direction. Consequently, this component must involve
an antisymmetrical part aij.
Before proceeding further we will need to derive all the
components of the magnetoresistivity tensor ij for the classical crystal class m3m, to which both Fe3Si 共Fm3m兲 and Fe
共Im3m兲 belong. The D03 crystal structure of Fe3Si belongs
to the space group Fm3m. Details can be found in Appendix
A. Let us first consider the simple case of an 共001兲 oriented
thin-film, with current J = 共J1 , 0 , 0兲 along the 关100兴 direction.
We assume that the magnetization M lies in the 共001兲 plane,
making an angle M to the current. In this case the measured
Hall voltage is given by
E2 = 21J1 ,

共11兲

where the indexes 1, 2, and 3 refer to the x , y, and z axes,
respectively. The ␣is are given by ␣1 = cos M, ␣2 = sin M,
and ␣3 = 0. The planar Hall resistivity can be found by substituting the ␣is in Eq. 共A2兲

21 =

C4
sin 2M ,
2

共12兲

which is similar to the well-known sin 2M relation of Eq.
共2兲. However, the prefactor of sin 2M in the above equation,
i.e., C4 is no longer equal to the AMR amplitude, 储 − ⬜ for
the single crystalline samples.22 It may be mentioned that the
prefactor 储 − ⬜ in Eq. 共2兲 for the polycrystalline films result
from the averaging over a large number of randomly oriented
crystallites.8,22 Nevertheless, the coefficient C4 as introduced
in Appendix A is a coefficient from the symmetric part of the
tensor sij, and hence traditionally PHE is attributed to an
AMR effect.8,21 Now we consider the case of the lowsymmetric 关113兴 oriented films. The measurements were performed with a current in the 关332̄兴 direction and the Hall
voltage was measured along the 关1̄10兴 direction. Thus, to
find the measured planar Hall resistivity, we must perform a
coordinate transformation20,23 of 21. This transformation is
performed in Appendix B. The final equation for the measured planar Hall resistivity in 共113兲 films is given in Eq.
共B4兲 of Appendix B. If we consider terms up to third order of
␣i, we can write the measured Hall resistivity for the 共113兲
films in the following way:
共113兲
21
=

共9C1 + 2C4兲
9共a12223 − a11123兲
cos M
sin 2M +
22
11冑2
−

42冑2共a12223 − a11123兲 3
cos M ,
121

arise from the lower symmetry of the (113) plane, where the
magnetization M rotates due to the large demagnetization
energy of the Fe3Si films. It is easy to show that these additional antisymmetric terms vanishe for magnetic fields applied along the 具1̄10典 axes 共M = 90°兲 and change sign with
the change in the direction of the applied magnetic field
along all other in-plane directions. Hence, this equation provides a perfect explanation of the antisymmetric contribution
0
1
and SATM
observed in the PHE 共Sec. III A 1兲. Both SATM
contain the difference 共a12223 − a11123兲, which could be of either sign from the viewpoint of symmetry. Thus SATM
0
1
= 2共SATM
+ SATM
兲 can be both positive and negative in
agreement with the experimental results 共Sec. III A 2兲. It
should be mentioned that this additional antisymmetric component could not be obtained on the high-symmetric 共001兲
plane in agreement with experiments on 关001兴 oriented ferromagnetic thin films.13,17 The appearance of third-order
contributions of ␣i is not surprising, since to describe the
magnetoresistivity anisotropy effects terms up to a fourthorder contribution of ␣i has been shown to be necessary.24,25
These third-order terms in ␣i can be termed as a second order
Hall effect 关see Eq. 共10兲兴. The fourth-order terms contribute
additional sin 2M and sin 4M terms which are symmetric
and are neglected for simplicity. This is justified, since to
describe the experimental data, terms up to third orders, as
considered in the above Eq. 共13兲 are found sufficient.
The coexistence of even and odd terms in the component
of magnetoresistivity tensor in the above Eq. 共13兲 has been
called the Umkehr effect11 in literature. This effect was
discussed theoretically in 1975 by Akgöz and Saunders26
based on the symmetry restrictions on the form of
galvanomagnetic/thermomagnetic tensors. Experimentally,
the Umkehr effect was observed in thermomagnetic
effects11,26 and magnetotransport27 measurements in Bismuth. As pointed out by Akgöz and Saunders,26 the effect is
not restricted to the trigonal crystal structure of Antimony
and Bismuth and the Umkehr effect can also be observed in
cubic crystals depending on the measurement geometry as
considered in the present case.
It is also possible to show within this phenomenological
approach that the AMR Eq. 共1兲 is valid even for this lowsymmetric orientation, in agreement with the experimental
共113兲
can be deobservations. The longitudinal resistivity, xx
rived in the same manner
共113兲
共113兲
xx
= 11
⬇ C0 +

共13兲

0
which agrees with Eq. 共3兲 for sPHE = 共9C1 + 2C4兲 / 22, SATM
1
= 9共a12223 − a11123兲 / 共11冑2兲,
and
SATM
= −42冑2共a12223
− a11123兲 / 121. The coefficient C1 is also introduced in Appendix A. Here, for the symmetric part, we have considered
terms up to the second order of ␣i as described in the first
term with the well-known sin 2M dependence. However, as
the most exciting result of this calculation, there are two
additional terms which arise from the antisymmetric part of
the tensor aij. These are third-order contributions of ␣i and

126C4 − 5C1 2
9
共C1 − C4兲 +
cos M ,
22
121
共14兲

which reproduces Eq. 共1兲 for ⬜ = C0 + 9共C1 − C4兲 / 22 and
共储 − ⬜兲 = 共126C4 − 5C1兲 / 121. This equation also provides a
good explanation for the experimental observation sPHE
⫽ 共储 − ⬜兲, which in fact is a result of the single crystalline
nature of the sample.
Now we will discuss the sign change of SATM with composition and temperature. For Fe3Si films on GaAs共001兲 substrates we previously observed a sign change in the PHE due
to the ordering toward the stoichiometric Fe3Si
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composition.17 However, in that case the PHE was a symmetric function of the applied field direction. But SATM is an
antisymmetric contribution 共in fact a second-order Hall effect兲 and hence a similar origin, like the AHE is most likely
responsible. In fact, the change in sign of the AHE in binary
alloys with composition and temperature is rather well
known.28–32 The anomalous Hall resistivity AHE for a saturating magnetic field and for the 共113兲 symmetry also involves the tensor elements a12223 and a11123
共113兲
=
AHE

1
共121a123 + 83a11123 + 38a12223兲.
121

共15兲

This can be found easily by using Eqs. 共11兲 and 共A2兲 for
a saturating magnetic field applied along the normal 关113兴. In
this equation, the first term containing the usual tensor element a123, represents a first-order contribution of ␣i, whereas
the other two terms are third-order contributions just like in
the PHE. The presence of the same tensor elements a11123
and a12223 in PHE and AHE may imply a similar physical
origin of SATM and AHE. To see whether AHE also changes
sign with temperature, we measured AHE for samples with
x = 0.07 and x = 0.15, in which a clear change in sign of SATM
was observed at about 150 and 250 K, respectively. In Fig.
4共b兲, we show the behavior of AHE with temperature for
these two samples. As can be seen, no change in sign of AHE
is observed for both samples. However, this may be understood from the fact that SATM is a higher-order contribution,
and in AHE this contribution is not the most significant ones.
关See Eqs. 共13兲 and 共15兲.兴
At the end, we will discuss the possible origin of the
observed sign change of the antisymmetric component. First
we will like to mention yet another observation from the
results of high-resolution x-ray diffraction 共HRXRD兲 measurements which was performed using a PANalytical X’Pert
diffractometer. In HRXRD a study of the crystal or atomic
ordering of these Fe3Si films was performed by analyzing
different superlattice reflections similar to our recent studies
of long-range ordering of Fe3Si films on GaAs共001兲.33 For
the D03 crystal structure of Fe3Si, Bragg reflections are produced by either all odd or all even Miller indices 共h , k , l兲.
The reflections for which h , k , l are all even with 21 共h + k + l兲
= 2n, n being an integer, are fundamental reflections and are
unaffected by the state of ordering. The reflections for which
h , k , l are all even with 21 共h + k + l兲 = 2n + 1 is sensitive to a
共A , C兲 → D disorder whereas the reflections for which all the
h , k , l odd are sensitive to both B → D and 共A , C兲 → D disorder, where the notations A , C, and D refer to different sublattice of Fe3Si as described in the literature.34–36 The sublattices A , B, and C are occupied by Fe atoms whereas the
sublattice D is occupied by Si atoms. The relative intensity
of these two classes of reflections depends on the state of
ordering, but for a prefect ordered lattice the intensities
should be equal.33,36,37 For example, the 共002兲 reflection and
the 共113兲 reflections should have the same intensity for a
perfectly ordered Fe3Si lattice. We found an increase in the
intensity of the 共002兲 reflection with increasing Si content.
The superlattice and symmetric 共113兲 reflection with h , k , l
being all odd was detectable only for samples with a Si con-

tent of 26 at. % 共x = −0.04兲. Hence, a good long-range atomic
order is found in the nearly stoichiometric as-grown films
which also establish the formation of a D03 crystal structure.
As discussed before in the context of Fig. 4共a兲, the stoichiometric samples have a negative sign of SATM 共for a magnetic
field applied along 关332̄兴兲 at 300 K. Fe samples on
GaAs共113兲A also have a negative sign of SATM at 300 K.
Since both Fe and Fe3Si belong to the same crystal class,
there seems to have some correlation between the two phenomena 共the negative sign of the SATM and the improvement
of atomic ordering兲. A microscopic theory of electron transport may provide further understanding of this possible correlation. In principle, when all the restrictions imposed by
the band structure symmetry are included in such a calculation, the form obtained for PHE should be identical to that
found from the phenomenological model.
IV. CONCLUSION

We have performed an extensive study of the magnetotransport properties of Fe3Si films grown on GaAs共113兲A
substrates by molecular-beam epitaxy. The PHE of these
films show an additional antisymmetric contribution, which
arises from the lower symmetry of the 关113兴 orientation and
large demagnetization energy of the Fe3Si films. A phenomenological model developed to understand the observed experimental data provides good explanation of the antisymmetric component and shows that this additional component
comes from the antisymmetric part of the magnetoresistivity
tensor like for the conventional Hall effect. It is shown that
the observed effect can be ascribed to the Umkehr effect,
which refers to the coexistence of even and odd terms in the
component of magnetoresistivity tensor. This additional antisymmetric component is found to change the sign by varying the Si content in Fe3+xSi1−x films and the measurement
temperature. In fact the sign reversal occurs for a Si content
above 21 at. % and at temperatures above a certain critical
temperature which increases with increasing Si content. The
microscopic origin of this additional contribution is not yet
understood.
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APPENDIX A: DETERMINATION OF COMPLETE
MAGNETORESISTIVITY TENSOR ELEMENTS
FOR THE CRYSTAL CLASS M3M

In matrix notation the magnetoresitivity tensor ij can be
written as
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冢

冣

11 12 13
 = 21 22 23 .
31 32 33

共A1兲
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The elements ij can be expressed in terms of the tensors
aij , akij , aklij, etc.. As already mentioned, the elements of these
tensors simplify due to the crystal symmetry. For the crystal
class m3m, the nonzero elements are tabulated by Birss.20
Mcguire and Potter9 derived the elements of the symmetric
magnetoresistivity tensor sij through fifth order for the crystal class m3m. The antisymmetric magnetoresistivity tensor
aij can be derived using the nonzero coefficients of the tensors aij , akij , aklij , …, etc. listed by Birss.20 The resulting elements ij of Eq. 共A1兲 can be written as follows

aij = − aji, when i ⫽ j.

APPENDIX B: TRANSFORMATION INTO THE (113)
SYSTEM

We use the following matrix l which transforms the 共001兲
basis vector system to the basis vector system of 共113兲:

冢

11 = C0 + C1␣21 + C2␣41 + C3␣22␣23
12 = C4␣1␣2 + C5␣1␣2␣23 + 共a123␣3 + a12223␣21␣3

13 = C4␣1␣3 + C5␣1␣3␣22 − 共a123␣2 + a12223␣21␣2 + a11123␣32
+ a12223␣2␣23兲

21 = C4␣1␣2 + C5␣1␣2␣23 − 共a123␣3 + a12223␣21␣3
+ a12223␣22␣3 + a11123␣33兲

22 = C0 + C1␣22 + C2␣42 + C3␣23␣21

a12223␣1␣23兲

31 = C4␣1␣3 + C5␣1␣3␣22 + 共a123␣2 + a12223␣21␣2 + a11123␣32

32 = C4␣2␣3 +
+

− 共a123␣1 +

+

a12223␣1␣22

a12223␣1␣23兲

33 = C0 +

C1␣23

+

C2␣43

+

C3␣21␣22 ,

共A2兲

where the C0 , C1 , C2 , C3, etc. are short-hand notations of
Mcguire and Potter9 for the coefficients in the symmetric part
of magnetoresistivity tensor sij given by the following equations:
C0 = a11 + a1122 + a111122

冑2

1

0

1
冑11

3
冑11

冑2

1
冑11

冣

共B1兲

.

共B2兲

Using the last two Eqs. 共B1兲 and 共B2兲 the measured pla共113兲
nar Hall resistivity in the 共113兲 system, 21
, can now be
derived
共113兲
21
=

a11123␣31

1

2
− 冑 11

ij⬘ = lipljqpq .

+ a12223␣2␣23兲
C5␣2␣3␣21

3

冑22

The elements of this matrix lij are determined by the relative
orientation of the old and new sets of axes, e.g., l12
= cos xˆ
2Ox1⬘, where Ox2 and Ox1⬘ are the old y axis and the
new x axis, respectively 共see Birss20 for details兲. In our case
l12 presents the cosine of the angle between the 关010兴 and the
关332̄兴 axis. According to the measurements, we choose the
new x axis along 关332̄兴, y axis along 关1̄10兴, and z axis along
关113兴. To find the measured planar Hall resistivity in the new
co-ordinate system we need to use the transformation properties of a second rank tensor 共Neumann’s principle兲,20
which is given by

23 = C4␣2␣3 + C5␣2␣3␣21 + 共a123␣1 + a11123␣31 + a12223␣1␣22
+

3

冑22

l= −

+ a12223␣22␣3 + a11123␣33兲

共A4兲

3

2冑11

共21 + 22 − 11 − 12兲 +

1

冑11 共13 − 23兲.
共B3兲

Since the demagnetization energy of these Fe3Si films are
rather large, the magnetization M is restricted to the 共113兲
plane. In this case the direction cosines of M as used in
our previous studies of Fe共113兲 films19 can be shown to
be ␣1 = 共3 / 冑22兲cos M − 共1 / 冑2兲sin M, ␣2 = 共3 / 冑22兲cos M
+ 共1 / 冑2兲sin M, ␣3 = −共冑2 / 11兲cos M, where M is measured
with respect to the 关332̄兴 axis. Using these direction cosines
in Eqs. 共A2兲, we can derive the measured planar Hall resistivity for the case of 关113兴 oriented films in terms of M

C1 = a1111 − a1122 − 2a111122 + a112211

共113兲
21
=

C2 = a111111 + a111122 − a112211

9C1
81C2 3
cos Msin M +
cos Msin M
11
121

C3 = a112233 − 2a111122

+

9C2
18C3 3
cos Msin3M −
cos Msin M
11
121

C4 = a2323 + a111212

+

2C4
9C5 3
cos Msin M −
cos Msin M
11
121

+

15共a12223 − a11123兲 3
C5
cos M
cos Msin3M +
11
121冑2

C5 = a112323 − a111212 .

共A3兲

The factors in the brackets of Eq. 共A2兲 arise from the antisymmetric part of the tensor aij. For the diagonal elements,
the antisymmetric part is zero, whereas the off-diagonal elements satisfy the following relation:
104430-8

+

9共a12223 − a11123兲
11冑2

cos Msin2M .

共B4兲

ANTISYMMETRIC CONTRIBUTION TO THE PLANAR …

PHYSICAL REVIEW B 72, 104430 共2005兲

This equation is valid up to the fourth-order contribution of
␣i and contains both symmetric and antisymmetric contributions. The symmetric part contains the coefficients Ci’s. Note
that terms containing the coefficients C2 , C3, and C5 are
fourth-order contributions of ␣i 关see Eq. 共A2兲兴. Other symmetric terms containing the coefficients C1 and C4 are
second-order contributions of ␣i. The antisymmetric part
which contains the tensor elements a12223 and a11123 are
third-order contributions of ␣i. Thus, if we consider terms up
to third order in ␣i we can write the above equation in the
following form:
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