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We show that the growth kinetics of dense arrays of self-induced GaN nanowires involves the
exchange of Ga atoms between nanowires: Ga atoms desorbed from the side surfaces of nanowires
readsorb on neighboring nanowires. This process favors the growth of shorter nanowires and gives
rise to a narrow nanowire height distribution during the late stages of growth. We propose a
stochastic differential equation model which describes the growth of dense nanowire ensembles.
C 2013 AIP Publishing LLC.
The model calculations are in good agreement with the experiments. V
[http://dx.doi.org/10.1063/1.4822110]

The bottom-up synthesis of nanowires has provided the
materials basis for exciting fundamental studies and innovative devices.1 Towards the fabrication of nanowires with tailored properties, the microscopic growth processes,2–4 their
effect on the resulting crystal structure,5–8 and the formation
of more complex shapes by branching9–11 and kinking12,13
have been investigated. One key insight has been that growth
processes of neighbouring nanowires interact,14–17 however,
the consequences of this interaction have been analyzed so
far only for individual nanowires. In this letter, we consider
growth interactions in a large ensemble of GaN nanowires
and demonstrate experimentally and theoretically a counterintuitive collective effect of these interactions: The heights
of the nanowires initially vary broadly, yet during further
growth they approach a well-defined common value characterizing the macroscopic ensemble. We show that microscopically this phenomenon is mediated by the exchange of
Ga atoms between neighbouring nanowires resulting from
desorption and readsorption at side surfaces.
A series of GaN nanowire samples was grown on
Si(111) substrates by plasma-assisted molecular beam epitaxy
in the self-induced way.18 All samples were grown at the
same temperature of 800  C. The Ga and N fluxes (calibrated
as growth rates of GaN films grown under N- and Ga-rich
conditions, respectively19) were 4 and 18 nm/min, respectively. The growth time was the only parameter that varied
from one sample to another, in the range of 15 to 120 min.
The time was counted starting from the shutter opening, so
that the nucleation time is included.20,21 The only parameter
varied was the growth time.
Figures 1(a)–1(c) depict side and top view scanning
electron microscopy (SEM) images of three samples, thus,
representing snapshots of the ensemble evolution during
growth. Figure 1(a) shows the GaN nanowire ensemble at
the end of the nucleation process, and Figs. 1(b) and 1(c) follow the transformation of the ensemble in further growth.
Due to the continuous rotation of the substrate during
a)
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growth, the nanowire ensemble is homogeneous over the
entire wafer except for the last few millimeters at the wafer
edge. The nucleation conditions were chosen such as to
result in ensembles with an average distance between nanowires exceeding their diameters. The total surface coverage
by nanowires varies from 30% at the end of nucleation to
43% after 120 min of growth. Consequently, the coalescence
degree of these ensembles is fairly low.
The heights and diameter distributions obtained from a
series of such images are presented in Figs. 1(d)–1(f). At
least 200 nanowires were measured from each sample. Both
the heights and diameters of individual nanowires were
determined from side view SEM images similar to those presented in the left column of Fig. 1. It is evident from these
data that, during growth, the initial broad height distribution
splits into two parts, a narrow distribution of long nanowires
and a broad distribution of short ones.
The Ga flux of 4 nm/min would result, after 120 min of
growth, in a 480 nm thick planar layer. The nanowires grew
more than two times longer in that time, as it is evident from
Figs. 1(c) and 1(f). The faster growth of nanowires, in comparison to an equivalent planar layer, is due to the atoms impinging on their side facets and reaching their top facets by
surface diffusion.22–24 As the material deposited on the side
surface is distributed over the top facet, thinner nanowires
grow faster.22–26 In addition to that, in a dense nanowire
array, longer nanowires shadow the shorter neighbours and
hence inhibit their growth. The initial ensemble of selfinduced GaN nanowires already possesses a large spread in
nanowire heights and diameters due to fluctuations in the
nucleation process.20,21 The two effects described above
should cause the height distribution to broaden during further
growth, with thinner and longer nanowires growing faster.
However, the experiment reveals the opposite behavior, as
seen in Figs. 1(a)–1(c). In fact, the height distribution of the
long nanowires clearly narrows.
Another type of nanowire height equilibration has been
observed in vapor–liquid–solid growth,27 where the GibbsThomson effect in the liquid droplet on the nanowire top
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FIG. 1. (a)–(c) Side and top view SEM images of the nanowire ensemble at different stages of growth, (d)–(f) experimental nanowire height distributions
obtained from the SEM images, (g)–(i) nanowire height distributions calculated by Eq. (1). The insets in (d) and (g) present the nanowire diameter distributions
at the end of the nucleation process obtained from the experiment and used in the model calculations, respectively.

slows down the growth of very thin nanowires. This transient
effect disappears during further growth. In contrast, the narrow height distribution observed here is self-preserving in
time, as is evident from Figs. 1(b) and 1(c).
The aim of the present work is to explain this unexpected behavior. To this end, we describe the evolution of
the entire nanowire ensemble by stochastic mean field differential equations. Our model includes the atomistic processes
shown in Fig. 2. The source of atoms is the incoming flux
from the effusion cells (labeled 1 in Fig. 2). Since the flux is
inclined with respect to the substrate normal, the atoms
impinge on both the top and side surfaces of the nanowires.
Rotation of the substrate about its axis provides irradiation
of the side surfaces from all directions. The atoms arriving at

FIG. 2. A scheme of the growth of a nanowire ensemble: 1—the incoming
atom flux, 2—impinging on the top facet, 3—diffusion along side surface
with further contribution to growth at the top facet, 4—desorption from the
side surface, 5—shadowing of short nanowires by longer neighbours, 6—
adsorption of the desorbed atoms on another nanowire.

the top facet of the nanowire directly contribute to growth
(process 2 in Fig. 2).
Since the N flux is large compared to both the Ga flux
and the axial growth rate of the nanowires, we assume that
the amount of N at the nanowire top is always sufficiently
high to incorporate all available Ga atoms. This Ga-limited
growth regime is the one most commonly encountered in
nanowire growth.28–31 Under certain conditions, however,
also N-limited conditions may be reached.32
The Ga atoms impinge and diffuse on the side surface of
the nanowires. The characteristic distance they migrate
before desorbing is the diffusion length K. If the initial distance to the top surface does not exceed K, Ga atoms diffuse
to the top surface and contribute to axial growth (process 3
in Fig. 2). The atoms impinging on the side surface at distances exceeding K desorb (process 4 in Fig. 2). Since the average nanowire height is larger than K, the atoms diffusing on
the substrate do not reach the nanowire top and hence are not
taken into consideration.
In contrast, N adatom diffusion along the side surface of
the nanowire can be neglected as evidenced from experiments.32,33 This result can be understood from the fact that
the N-terminated M-plane that constitute the nanowire side
facets is unstable against the formation and desorption of N2
molecules.34 Thus, we follow only the impingement, surface
diffusion, and desorption of Ga atoms.
For a dense nanowire ensemble, the shadowing of
shorter nanowires by neighbouring longer ones also plays an
important role35 (line 5 in Fig. 2). However, the observed
narrowing of the nanowire height distribution during growth
indicates that the shorter nanowires do receive a flux in
excess of the direct flux. The only possible source of material
for their growth is the atoms that desorb from neighbouring

Downloaded 24 Sep 2013 to 62.141.165.1. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://apl.aip.org/about/rights_and_permissions

133105-3

Sabelfeld et al.

Appl. Phys. Lett. 103, 133105 (2013)

longer nanowires and readsorb on shorter nanowires (process
6 in Fig. 2). This process has been considered to contribute
to the radial growth in dense nanowire ensembles.36 In the
present work, it is the key component needed for the nanowire height equilibration.
The processes described above can be subsumed into the
following nanowire growth equation:


dh
2ZðhÞtan # KpðhÞ
¼ F f ðhÞ þ
þ 2 :
dt
pr
r

(1)

Here, h(t) is the nanowire height, F is the impinging flux, and
the three contributions on the right hand side describe,
respectively, the direct impingement on the top surface, the
impingement on the side surface with subsequent diffusion to
the top surface, and the readsorption (also with subsequent
diffusion to the top surface) of the atoms desorbed from other
nanowires. All terms in the growth equation (1) depend not
only on the height of a given nanowire but also on its random
surrounding, so that it is a stochastic differential equation.
To derive Eq. (1), we calculate the increase of the nanowire volume A dh/dt, where A is the cross-sectional area of
the nanowire. Each term derived below is divided by
A ¼ pr2 , considering the nanowire as a circular cylinder of
radius r. The function f(h) describes the shadowing of the
top facet of the nanowire by the neighboring nanowires. Let
g be a random height of a neighboring nanowire. The top
surface receives the direct flux as long as h > g  l cot #,
and is not irradiated otherwise. Here, l is the distance to the
neighbor and # is the angle between the incoming flux and
the nanowire growth direction. Hence, the shadowing term
is f ðhÞ ¼ hðh  g þ l cot #Þ, where hðxÞ is the Heaviside step
function, and the sticking coefficient is taken to be 1. The
increase of the nanowire volume A dh/dt due to the direct
flux is equal to FAf(h), which gives the first term in Eq. (1).
In the second term of Eq. (1), Z(h) is the height of the
side surface region that provides the adatom diffusion to the
top facet. As long as the side surface is not shadowed by the
neighbors, Z(h) is equal to the diffusion length K on the side
surface. When the neighbors partially shadow the side surface, Z(h) decreases and becomes zero for a total shadowing
of the side surface. A compact description of all these cases
is ZðhÞ ¼ minðK; maxðh  g þ l cot #; 0ÞÞ. The contribution
of the side surface to the increase of the nanowire volume A
dh/dt is equal to 2rZðhÞF tan #. The product Ftan# is the flux
on a side facet, since F is defined as the flux on the substrate
surface. The actual cross section of the nanowire exposed to
the impinging flux at each time instance has a width 2r and
the height Z(h), and the nanowire rotation ensures a uniform
irradiation of the nanowire from different directions.37
These first two terms of Eq. (1) describe growth of nanowires directly from the incoming flux. When the distance
between nanowires l exceeds the nanowire height h, shadowing does not take place and these two terms describe the
growth of individual nanowires.22–26,38,39 The contribution
of the atoms impinging on the side surface and diffusing to
the top is inversely proportional to the nanowire radius r. If
only these two terms are taken into consideration, the nanowire height distribution becomes broader as the nanowires
grow, as we will show below.

The third term of Eq. (1) describes a collective contribution of the nanowire ensemble to the growth and is necessary
to obtain a narrow nanowire height distribution. The atoms
desorbed from one nanowire can readsorb on another one
(process 6 in Fig. 2). Atoms desorb from a nanowire at a
height level z if, first, the nanowire is not shadowed by the
neighbors at this level and, second, its top absorbing part of
length K is above this level. We take the density of desorbed
atoms at a height z proportional to the total perimeter p(z) of
all such nanowires assuming that the distance between the
nanowires is small enough and the atoms readsorb at about
the same height as they desorb. Thus, p(z) is calculated as
the sum of perimeters of all nanowires that satisfy two
inequalities, g  l cot # < z < h  K. The total perimeter is
normalized to the total number of nanowires. The contribution of the reabsorbed atoms to the increase of the nanowire
volume is therefore proportional to FKpðhÞ.
Equation (1) involves not only a single nanowire but
also its neighbours, so that it has to be solved for the whole
nanowire ensemble simultaneously. Since the nucleation
process is not considered in the present model, we take as
the initial condition the nanowire distribution that is
observed 30 min after beginning of deposition. With the aim
to have a better statistics we use, instead of the experimental
height and diameter distribution for 200 nanowires in Fig.
1(d), a similar randomly generated distribution of 1000 nanowires, as shown in Fig. 1(g). Starting with different initial
distributions (including the experimental one), we find that
their details are not important and further growth gives rise
to the same universal distribution at later times.
Equation (1) is integrated for the whole nanowire ensemble with a constant time step of 0.1 min. After each time
step, the perimeter p(h) contributing to desorption for each

nanowire and the average height of the long nanowires hðtÞ
are recalculated, by counting all nanowires in the ensemble.
Since the nanowire distribution becomes bimodal during
growth, we calculate h by a two step procedure as follows.
First, the average height of all nanowires is obtained. Then,
the average height of nanowires exceeding this value is calculated, so that only the longer nanowires are taken into
account. The value h thus obtained is close to the peak value
in the nanowire height distribution. The random height of the
neighbouring nanowires is taken independently for each
 where n is a standard
nanowire as g ¼ ð1 þ 0:25nÞh,
Gaussian random variable with zero mean and unit variance.
Figures 1(g)–1(i) present calculations of the nanowire
growth by Eq. (1). The incoming Ga flux is taken the same
as in the experiment, F ¼ 4 nm/min, at an angle # ¼ 30 to
the substrate normal, and the diffusion length is K ¼ 80 nm.
Our model takes into account the increase of the nanowire
diameter and the distance between nanowires. This is done
on average, by using the time dependencies of the average
distances between nanowires l(t) and the average nanowire
radii r(t) from the experimental plots in Fig. 3(a). The average distances between nanowires were obtained by determining the nanowire density from top view SEM images, while
the average radii were obtained from the nanowire diameter
distributions measured from side view SEM images together
with the height distributions. The increase of the distance
between nanowires and their diameters during growth is
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contain any short nanowires (see inset in Fig. 4) and is still
much broader than the experimental distribution.
Without taking into account the collective effect found
here, the evolution of an entire nanowire ensemble cannot be
predicted. Our model can thus be considered as a crucial step
towards advanced control over the growth of nanowire
ensembles. Perspectively, the methodology elaborated in this
work provides the essentials for an extension towards designing the growth of arrays of differently shaped nanostructures,
both in statistical or locally predefined patterns.
The work has been supported by Deutsche
Forschungsgemeinschaft (DFG) Grant No. KA 3262/2-1 and
Russian Fund for Basic Research Grant No. 12-01-00635.
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