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An efficient model is proposed to evaluate the impact of interface grading on the properties of
semiconductor heterostructures. In the plane-wave approximation, the interface grading is taken
into account by simply multiplying the Fourier components of the potential by a Gaussian function,
which results only in a very small increase of the computation time. We show that the interface
grading may affect the transition energies, the field strength for resonant coupling of subbands, and
even the miniband formation in complex systems such as quantum-cascade lasers. This model
provides a convenient tool for the incorporation of interface grading into the design of
C 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4882653]
heterostructures. V

The simulation of the transport and optical properties of
semiconductor heterostructures is of great interest for both,
the understanding of physical processes and the performance
improvement of optoelectronic devices. Heterostructures are
layer sequences based on at least two materials with different
energy gaps. The heterostructures may be simple quantum
wells (QWs) or complex structures such as superlattices and
quantum-cascade lasers (QCLs). The corresponding conduction and valence band edge profiles are well described by
step-like functions of the potential at the heterointerface. For
a better agreement with the experimental data, the nonparabolicity of the bulk band structure is often taken into
account, and the resultant energy-dependent effective mass
can be easily treated by applying a pseudo k  p model with
at least two bands.
The growth of such layer sequences is affected by intermixing and island growth. Therefore, the profile at the interface is more adequately described by a gradual transition
rather than an abrupt change of the materials composition,
i.e., of the band profile. Calculations for GaAs/(Al,Ga)As
and p-Si/SiGe QWs show that the interface broadening can
result in a wavefunction distortion,1 change of energy levels,2 and dominant alloy disorder scattering.3,4 Furthermore,
interface scattering has an important impact on the transport
and optical properties of GaAs QWs,5 (In,Ga)As/(In,Al)As
mid-infrared (MIR) QCLs,6 (In,Ga)As/Ga(As,Sb) (Ref. 7)
and GaAs/(Al,Ga)As THz QCLs.8 In Ref. 1, the Al composition profile of GaAs/(Al,Ga)As QWs is modeled by an error
function. The simulated Al profiles including anodic-oxideinduced interdiffusion are in agreement with those determined by transmission electron microscopy.9 The interface
may extend to 1.36 nm, i.e., 4.8 monolayers (MLs), where
the thickness of one ML is 0.2825 nm. Furthermore, the formation of growth islands in GaAs/(Al,Ga)As single QWs
can lead to disorder at the interfaces and obviously influence
the excitonic lineshape and linewidth in corresponding photoluminescence spectra.10,11 Therefore, interface grading
may play an important role for the transport and optical
properties of QW systems.
There are only a few studies of the interface grading
effect on the properties of complex quantum structures such
0003-6951/2014/104(23)/232106/5/$30.00

as GaAs/(Al,Ga)As QCLs. Roberts et al.12 investigated
GaAs/Al0.45Ga0.55As MIR QCLs assuming a linear profile
for the compositional grading. Anders et al.13 reported a shift
of the emission wavelength for MIR GaAs/Al0.4Ga0.6As
QCLs due to postgrowth heat treatment. Recently, we intentionally introduced graded interfaces by post-growth thermal
annealing and examined its influence on the transport and
optical properties of GaAs/(Al,Ga)As THz QCLs.14 In Refs.
12 and 14, the Al composition grading was assumed to be a
linear function of position approximated by a staircase with
a certain number of steps. In order to keep the total amount
of Al unchanged, the maximum Al content of the thin barriers was reduced.
Recently, Luna et al.15,16 have discussed a more realistic
model for the composition profile across semiconductor heterointerfaces based on experimental observations. Processes
governing the interface formation appear to be more complex than a mere diffusion governed by Fick’s law. In particular, cooperative binding of the atomic species during
growth plays a key role in the interface formation.17 The
strong cooperative interactions result in two-dimensional
island formation and lead to a sigmoidal distribution profile
of the composition in the transition region between the two
materials.17
In this Letter, we propose an efficient method for heterostructures with sigmoidal transition regions between the
quantum well and barrier materials to solve the Schr€odinger
equation based on a plane-wave approximation with an error
function approximating the interface profile. This method is
beneficial for easy incorporation and fast computation.
As shown in Refs. 15–19, concentration profiles across
semiconductor heterointerfaces are excellently reproduced
by a function of the form
x0
;
(1)
xðzÞ ¼
z
1 þ e Li
where x0 denotes the nominal composition of one of the species, e.g., the Al composition in GaAs/(Al,Ga)As heterostructures, Li is the interface parameter proportional to the
width of the heterointerface, and z is the position across the
interface along the growth direction. According to Ref. 15,
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the interface width W  4.4 Li. Figure 1(a) shows a simulated
concentration profile across the interface between two binary
compounds BC and AC described by the sigmoidal function
according to Eq. (1). The use of a generalized sigmoidal
expression gives a reliable and systematic quantification of
the chemical interface through the interface parameter Li.
The sigmoidal function is the result of the prevalence of
two-dimensional island growth as the mechanism governing
the interface development.17 Equation (1) agrees remarkably
well with experimental composition profiles at the interface,
even after post-growth thermal annealing.15,18,19 Figure 1(b)
displays a representative example of the experimental composition profile across an as-grown GaAs/(Al,Ga)As heterointerface obtained using transmission electron microscopy
techniques20 together with a fit using the sigmoidal function
according to Eq. (1) with Li ¼ 1.6 MLs. The sample is prepared from the central part of the wafer. For comparison, the
fit using an error function is also given in Fig. 1(b). Both
curves (i.e., the sigmoidal and the error function) show
almost the same behavior and provide a good description of
the experimental data. The oscillating Al content at the plateau value (30%) is due to the substrate rotation during
growth and is not relevant for the present discussion on the
interface grading. In the region of strongly changing slope at
the positions of 5 MLs [cf. inset of Fig. 1(b)] and 5 MLs,
the sigmoidal function [dashed line in Fig. 1(b)] allows for
an improved fit to the experimental data. The reason is that
Eq. (1) is the solution of the differential equation that
describes the complex processes during growth beyond diffusion.17 However, for an evaluation of the impact of interface grading on the transport and optical properties of
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heterostructures, Fig. 1(b) demonstrates that the sigmoidal
function can be well approximated by the error function. For
GaAs/(Al,Ga)As heterostructures, 1 and 4 MLs are reasonable lower and upper limits for the interface parameter Li of
as-grown samples, which may depend on the growth conditions. For example, Fujiwara et al.11 showed well width fluctuations due to island growth of about 3 MLs in a
GaAs/AlAs single QW. Post-growth thermal treatment may
lead to larger values such as 8 MLs or even larger.14
The nominal, i.e., step-like, potential profile is determined from the nominal compositions of the layers using the
well-known expression including band gap bowing effects.
However, for the shape of the interface grading, a linear dependence of the potential on the composition grading is a
very good approximation. Thus, we can directly derive the
error function potential profile from the nominal step-like
profile. The step-like potential profile V(z) can easily be converted into an error function shape Vc(z) by convoluting the
profile with a Gaussian function. We have
1
Vc ðzÞ ¼ pﬃﬃﬃﬃﬃﬃ
2pr

ð þ1

ðzz0 Þ2
2r2

Vðz0 Þe

dz0 ;

(2)

1

where r denotes the standard deviation and is correlated
with Li. For a single interface at z0 ¼ zi
(
0
if z0 < zi
(3)
Vðz0 Þ ¼
V0 if z0  zi ;
where V0 denotes the constant potential. We obtain
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where erfðyÞ½¼ p2ﬃﬃp 0 et dt denotes the error function. By
pﬃﬃ
identifying Li ¼ p2 r2 and zi ¼ 0, the last expression of Eq.
(4) has the identical mathematical form as Eq. (1) demonstrating again that the error function is a good approximation
of the sigmoidal function. For a potential with N barriers and
considering two interfaces for each barrier, we obtain
" 
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FIG. 1. (a) Simulated concentration profile across the interface between two
binary compounds BC and AC described by a sigmoidal function. The
arrows indicate the interface parameter Li according to Eq. (1). (b)
Experimental composition profile (squares) and sigmoidal function fit
(dashed line) across an interface of GaAs/(Al,Ga)As. The fit using the error
function (dashed-dotted line) is also given for comparison.

where dq denotes the thickness, Lqi is the interface parameter,
and zq is the left boundary of the q-th barrier.
For the two-band system, which is equivalent to an
effective mass linearly dependent on energy, the Schr€odinger
equation can be written as21
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where Vs denotes the function describing the edge of the conduction band, me is the free electron mass, c is the nonparabolicity parameter in units of me per eV, and l0 is the band
edge effective mass.
In the plane-wave
pﬃﬃﬃ the envePapproximation, we expand
lope function jwn i ¼ j cnj bj , where bj ¼ eikj z= L denotes an
orthonormal basis, kj ð¼ 2pj=LÞ is the wavenumber, and L is
the period of the entire structure along the z-axis. Then, we
obtain
X m;‘
Hn;j cnj ¼ E cm
(7)
‘;
n;j
m;‘
¼ hb‘ jHmn jbj i and m(n) ¼ 1 or 2. Equation (7) is
where Hn;j
a set of coupled equations, which can be solved numerically
m;‘
1;‘
. The matrix elements H1;j
are given
after obtaining all Hn;j
by
ð
1 L ik‘ z
1;‘
¼
e
VðzÞ eikj z dz:
(8)
H1;j
L 0
2;‘
1;‘
In a similar way, we can obtain the components H1;j
; H2;j
2;‘
1;‘
and H2;j . For a step-like potential, H1;j is expressed as
8
P
>
X
>
>1
>
if j ¼ ‘
ðV p D p Þ
>
<L
p¼1
1;‘
(9)
H1;j ¼
P
X
>


1
>
>
if j 6¼ ‘;
V !
>
>
: 2piðj  ‘Þ p¼1 p j‘

with
j‘

j‘

!j‘ ¼ e2pi L ðzp þDp Þ  e2pi L zp ;

(10)

where Vp denotes the constant potential, Dp is the thickness,
zp is the left boundary of the p-th layer, and P is the total
1;‘
may include the contribunumber of layers. In general, H1;j
tions from a step-like potential, an applied electrical field,
doping, and the electron distributions, but for clarity we only
discuss the result for a step-like potential.
For the incorporation of the interface grading, we use
Eq. (2) in Eq. (8) and obtain the corresponding matrix ele1;‘
ments, e.g., H1;j
8
P
>
>
1X
>
>
if j ¼ ‘
ðVp Dp Þ
>
<L
p¼1
1;‘
(11)
H1;j ¼
P
X
>


1
>
>
Vp !j‘ Uj‘ if j 6¼ ‘;
>
>
: 2piðj  ‘Þ

This result shows that the incorporation of interface grading
into the calculation results for the potential, effective mass,
and nonparabolicity parameter in a simple multiplication of
all Fourier components with the factor Uj‘ , which allows for
an efficient calculation of the transport and optical properties
of complex structures. Uj‘ becomes 1 for j ¼ ‘ (kj  k‘ ¼ 0,
zero component), while Uj‘ decreases with the increase of
j  ‘ or kj  k‘ . Thus, the high-frequency components (large
values of kj  k‘ ) lead to small values of Uj‘ and a reduction
1;‘
. At the same time, the average Al composition is
of H1;j
automatically kept constant for all values of Li due to the
convolution with the Gaussian function. The interface grading is simply defined by the value of Li, which is also convenient for the practical use of the model, if we can assume
the same value for Li for all the layers of the structure.
As a simple example, we examine the influence of Li on
the energy separation Esp in a single QW. Figure 2 gives the
conduction band profile and the lowest two subbands of a
GaAs/Al0.25Ga0.75As single QW at a field strength of
F ¼ 3 kV/cm for three values of Li (1, 4, and 8 MLs).
Obviously, the interface parameter Li has an impact on the
energy separation between the two subbands Esp. For Li ¼ 0
and Li ¼ 1 ML, the values of Esp are similar, namely,
84.3 meV and 85.9 meV, respectively. When Li increases
from 1 to 4 MLs, Esp increases from 85.9 to 92.3 meV, which
corresponds to a blue shift. When Li increases from 4 to
8 MLs, Esp decreases from 92.3 to 73.5 meV, which corresponds to a redshift. Even for this simple system, the influence of interface grading on the separation of the energy
levels has to be taken into account. This behavior is similar
to that of coupled Si/SiGe QWs discussed in Ref. 4.
An additional important feature in semiconductor heterostructures, in particular also in QCL structures, is the resonant coupling between subbands in adjacent QWs, where
the field strength for the resonant coupling (Fr) depends on
the potential profile. As a second example, we thus check the
influence of the interface grading on the resonant coupling in
a double QW. Figure 3 shows the subband structure of a
GaAs/Al0.25Ga0.75As double QW at Fr for Li ¼ 1 and 4 MLs.
The resonant field strength Fr is 5.2 kV/cm for Li ¼ 0

p¼1

where
Uj‘ ¼ e

ðkj k‘ Þ2 r2
2

¼ e

2p2 ð j‘Þ2 r2
L2

ðj‘Þ2 L2
i
L2

¼ e16p

:

(12)

FIG. 2. Conduction band profile and lowest two subbands of a GaAs/
Al0.25Ga0.75As single QW at a field strength of 3 kV/cm for different
Li. The thickness of the GaAs QW is 10 nm. The arrows indicate the transition energy Esp between the two subbands. For Li ¼ 0, Esp is 84.3 meV
(not shown here).
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FIG. 3. Conduction band profile and lowest two subbands of a GaAs/
Al0.25Ga0.75As double QW at the resonant field strength Fr for Li ¼ 1 and
4 MLs. The thicknesses of the QWs are 10 nm and 12 nm, separated by a
3-nm-thick Al0.25Ga0.75As barrier. For Li ¼ 0, the resonant field strength is
5.2 kV/cm (not shown here).

(not shown), 5.5 kV/cm for Li ¼ 1 ML, and 8.3 kV/cm for
Li ¼ 4 MLs. Furthermore, the energy level at the resonant
field strength is higher for the larger interface parameter
(Li ¼ 4 MLs), similar to the case of a single QW. Obviously,
the interface grading may have a significant effect on the resonant coupling and should be taken into consideration for
the evaluation of the transport properties of heterostructures.
Finally, we exemplarily show the effect of interface
grading on the properties of a QCL structure. Figures 4(a)
and 4(b) depict the subband structure of the QCL design B1
in Ref. 22 for Li ¼ 1 and 4 MLs, respectively. For
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comparison, the band profile of Li ¼ 4 MLs is given as a
dashed line in Fig. 4(a), while that of Li ¼ 1 ML is indicated
by the dashed line in Fig. 4(b). The energy difference
between the upper laser level (ULL) and the lower laser
level (LLL) in Fig. 4 corresponds to the energy of the laser
emission. We find that, similar to the single QW structure
(cf. Fig. 2), Esp increases with increasing Li. For Li ¼ 0 (not
shown), 1 ML and 4 MLs, Esp ¼ 20.0 meV (4.84 THz),
20.0 meV (4.84 THz), and 21.8 meV (5.27 THz), respectively. The result is a blue shift of the lasing frequency of
9.0%. At the same time, the interface grading has a notable
impact on the formation of the minibands (MBs) such as the
energy positions and shape of some wavefunctions within
the MBs (dashed-dotted lines in Fig. 4). Since the electron
transport in the structure is facilitated by MB formation, the
modification of the MBs due to grading can directly influence the transport properties of the structure. Therefore,
the effect of interface grading on MB formation should also
be taken into consideration for the design of complex
heterostructures.
In summary, we have proposed an efficient model for
the incorporation of interface grading into the calculations of
the transport and optical properties of semiconductor heterostructures. The model takes into account the realistic interface profile by approximating the sigmoidal function through
an error function. In the plane-wave approximation, this
approximation does not result in a significant increase of the
computation time. This improved model allows for an efficient evaluation of the influence of interface grading on
intersubband transition energies, field strength for the resonant coupling of subbands in adjacent quantum wells, and
miniband formation. By applying this model, we expect a
significant improvement for the design of complex
heterostructures.
The authors would like to thank O. Marquardt for helpful discussions as well as R. Hey and M. H€oricke for sample
growth. We also acknowledge partial financial support by
the Deutsche Forschungsgemeinschaft.
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FIG. 4. Conduction band profile and lowest subbands for the QCL design
B1 in Ref. 22 at a field strength of 5 kV/cm for (a) Li ¼ 1 and (b) 4 MLs.
The solid arrows indicate the transitions between the ULL and LLL. The
transition energy for Li ¼ 0 is 20.0 meV (not shown here).
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